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Abstract 
Metamaterials are artificially developed electromagnetic structures, which can 
control and manipulate the properties of naturally extracted materials. Recent 
scholarly research is showing a growing interest for developing microwave 
components using metamaterials. Metamaterials have the ability to control the 
phase of electromagnetic waves and can improve the device performance. A 
significant challenge which remains involves parameter extraction techniques, 
focusing on calculating the accurate value of dielectric permittivity and magnetic 
permeability. Magnetic permeability (µ) and dielectric permittivity (ε) produces 
mostly resonant and antiresonant (negative) behaviour in the resonance 
frequencies conforming metamaterial characteristics. To extract the 
electromagnetic properties (µ, ε), several conditions should be considered. For 
example, selection of proper boundary conditions, appropriate thickness of the 
slab dimension and the chosen technique extracting electromagnetic property 
parameters. The conventional extraction techniques of material parameters are 
unable to deliver satisfactory results without ambiguities. The thickness of 
materials is one the key reason for the ambiguity. Longer lengths are responsible 
produce uncertainty, therefore, most of the conventional extraction technique rely 
on relatively thin materials. In the thick materials, the ambiguity appears in 
different frequency points in several branches which produces phase error. Thus, 
it is essential to check the proper branch that minimizes the ambiguity and this 
remains under explored. This doctoral research aims to fill this gap in the scholarly 
literature by developing a unique extraction technique that will support reducing 
the ambiguity error and is able to provide accurate values for electromagnetic 
properties. To achieve this aim, the initial research concentrated on the Nicholson-
ross-weir (NRW) technique.  The modified NRW technique is then applied to a 
long-length Drude material with known parameters for validation. Another 
extraction technique known as Kramers-Kronig (KK) technique is also 
investigated. This KK extraction technique is applied to the use of Cauchy residue 
integrals instead of using trapezoidal rule integration. Further investigations 
involved experimentation by using the proposed NRW extraction technique to 
provide empirical evidence, such as designing a periodic dual-star split ring 
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resonator (DSSRR) and microwave absorber.  DSSRR is an electromagnetic band 
gap (EBG) based metamaterial structure. The proposed DSSRR structure may be 
implemented with an equivalent transmission line structure. The advantage of the 
transmission line structure is that it realizes the artificial structure with minimum 
losses and produce wide bandwidth. The DSSRR structure is implemented on 
single unit cells and multiple unit cells. The proposed DSSRR structure delivers a 
wide-band performance from 7.5 GHz to 9.5 GHz and a maximum rejection up to 
47 dB, which offer a sharp cut-off in the reject band. The dispersion diagram 
exhibits unusual characteristics in both balanced and unbalanced conditions. A 
microwave absorber was also developed. The proposed design offers three unique 
shapes without using any additional resistive sheets on top of the ground plane. 
The three unique shapes are octagonal ring, (OR), cross-wires (CWs), and cut-off 
circle (CC). The proposed shapes are insensitive to polarization angle, and can 
achieve perfect absorption. Further work involves the successful extraction of 
electromagnetic properties using the NRW technique. The numerical and 
experimental results agree with each other, which further confirms the 
metamaterial behaviour.  
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Octagonal Ring width (ORW) 
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Chapter 1 
Introduction 
RF and microwave applications have received a greater attention by the reseaecher 
from both the field of engineering and physical sciences. Developing RF and 
microwave applications using metamaterials was a breakthrough. Metamaterial is an 
engineered structure which exhibits special characteristics e.g. negative refractive 
index, a significant deviation from the naturally available materials. Metamaterials can 
be characterized with specific inclusion elements when the individual unit-cell size 
and gaps between the two consecutive unit cells are smaller than the wavelength 
produced by the external electromagnetic field. Metamaterial is equivalent of 
homogeneous artificial material where the electromagnetic properties can be modified 
by the engineers to meet the application specification. The modification of 
electromagnetic properties included change in effective dielectric constant; relative 
permeability; refractive index; anti-parallel phase; group velocity and dispersion 
relation [1], [2].  The advantages of using metamaterials in developing RF and 
microwave applications is that it has the flexibility to manipulate the wave direction 
based on the specification.  
 
1.1 Background and Motivation 
The concept of metamaterials has a multi-disciplinary background and exhibits 
multiple behaviour. Lamb and Pocklington [1]-[2] first observed (1904-1905) two 
extraordinary characteristics in an artificial material that is different from the 
conventional materials- anti-parallel directions of phase and group velocity and 
negative refractive index. Following their concepts, Mandelstam [3] in 1945 explored 
similar characteristics while considering one-dimensional analogue index system. 
During 1944s and 1950s, this idea of negative index materials attracted major attention 
for use in a variety of electronic applications. Veselago  [4] in 1968 first explained the 
theory behind such deviation of the characteristics exhibited by metamaterials, which 
was a major theoretical breakthrough for the researcher in this field. He explained that 
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when the wave vector k stands the opposite direction of the Poynting vector S, then 
both the dielectric permittivity and magnetic permeability will be negative. This is 
known as ‘left-handed’ medium. 
 
More than two decades after publication of Veselago’s theory, the physicist Pendry [5] 
designed an array of thin metallic wires where the wave propagates in longitudinal 
direction. In 1999, Pendry and his colleagues further demonstrated a dual-ring split 
resonator with the two rings placed in opposites direction. The proposed split ring 
resonator displayed negative magnetic permeability. A year later, Smith and his 
colleagues were the first to fabricate the Pendry’s split-ring resonator on a  printed 
circuit board by integrating an array of copper strips and split ring resonators [6]. They 
extracted the electromagnetic properties (dielectric permittivity, ɛ and magnetic 
permeability, µ) operating in the microwave frequency region. More recently, a 
research group from the University of California, San Diego (UCSD) demonstrated 
split ring resonator with the metallic wire microstrip line. They developed an 
equivalent model using shunt inductance and series capacitance which is known as the 
Composite Right-Left Hand (CRLH) Transmission Line (TL). In parallel, other 
research groups, including Caloz and Eleftheriades et al. [7] - [8], developed one-
dimensional and two-dimensional CRLH transmission lines. Using a similar concept, 
Olinear developed a metamaterial structure for antenna applications [9].  
 
The contemporary research further focuses on developing above mentioned concepts 
in the field of microwave applications. It has been used for improving the performance 
of microwave applications by substantially reducing the device size, and enhancing 
the bandwidth. Applications include the phase shifters [10], couplers [11], power 
dividers [12], antennas [13], absorbers [14], and resonators [15]. All these concepts 
contributed towards developing the areas of electromagnetic applications. However, 
researchers continued to face challenges while trying to accurately extract the 
electromagnetic properties at larger length (thickness) samples. During the extraction 
of properties thick materials, the phase factor (β) continuously changes and exhibits 
ambiguity. To minimize the ambiguity, several extraction techniques have been 
applied [16]–[18] with varying success. Scholars are explored further research to 
minimize such ambiguity and improve the properties extraction techniques for 
additional development in this field.  
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1.2 Description of Research Problems  
This research will address the following key problems that have been identified by 
reviewing relevant literature (see details in Chapter 2)  
o Determination of the electromagnetic dielectric permittivity and relative 
permeability are very challenging, especially when the dielectric material 
dimensions of the geometrical structures are longer than a wavelength. There are 
several extraction techniques mentioned in the literature, including the Nicholson 
Ross Weir extraction technique [19], Kramers-Kronig relation [20], inversion 
problem [21], DNG extract technique [22]. However, most of the techniques 
display either ambiguity errors or singularity truncation errors. Other researchers 
presented a trapezoidal integration to avoid the singularity in the Kramers-Kronig 
relation [23]. This approach avoids the singularity but may yield erroneous results. 
It truncates the infinite range of integration which may give rise to  errors. 
o The conventional microstrip structure mostly uses single to multiple short circuit 
stubs and external chip capacitors. These traditional techniques often exhibit 
discontinuities and parasitic effects, which are difficult to control. It increases the 
structure size and degrades the structure compatibility. Another obstacle is that it 
requires a large area which makes the device thick and bulky.  
o Recent research considers absorber as a device that can absorb electromagnetic 
radiation and can disable all other forms of propagation, such as reflection and 
transmission [24]. The conventional microwave absorber uses an additional 
resistive layer on top of the ground plane to inhibit the reflection. More 
contemporary research further added multiple layers over the ground plane, in 
order to create a resonant absorber and for achieving a broadband response [25]. 
Nevertheless, using multiple layers of resistive sheets make the device thick and 
bulky and more often resulted less absorption.   
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1.3 Aims and Researh questions   
This research identified three major aims based on the stated problems in Section 1.3.  
 
Aim 1: To determine the extraction technique that can minimize the ambiguity and 
singularity error. The following objectives will support achieving this aim: i. Minimize 
the limitation by updating Nicholson Ross Weir technique; ii. Investigating the Cauchy 
integral applying Kramers-Kronig relation instead of using trapezoidal integration.  
   
Aim 2: To design and implement a new geometric structure based on dual star split 
ring resonator. The proposed geometric structure will introduce a sharp, wide rejection 
band to suppress undesired response and to eliminate the interference signal. The 
research will further investigate the equivalent transmission line approach using series 
capacitance and shunt inductance. These can be structured in a single unit cell as well 
as the periodic unit-cell which vary according to the design specification.  
 
The metamaterial-based DSSRR structure will be implemented on sub-wavelength 
dimension and therefore, the structure becomes electrically small, and the high level 
of compactness can be achieved. The design specifications concern a wide frequency 
band from 7.5 to 9.5 GHz, and very high rejection of 95 dB with sharp cut-offs in the 
reject band. To achieve the material property retrieval, a single unit-cell is considered. 
The periodic unit cells are then extended and considered as infinite characteristics. 
Other properties need to be considered, such as the dispersion diagram which should 
be separated into different directions in balanced and unbalanced conditions in order 
to excite the incident propagation. The electromagnetic parameters of dielectric 
permittivity, magnetic permeability, opposite direction phase and group velocity, and 
negative refractive index confirm that the proposed artificial DSSRR structure is 
suitable for metamaterial applications.    
 
Aim 3: To investigate a microwave absorber structure with a new geometry of three 
resonators: octagonal, cut-off circle, and cross-wire rings, suitable for dual band 
operation absorber. This absorber is a deviation from the conventional absorber that 
includes metamaterial-based subwavelength thinner structure, multi-band operation 
and higher absorptivity. The single unit-cell of the proposed absorber is much smaller 
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than a wavelength. The periodic pattern is thus convenient to use for multiband and 
broadband applications. The assumption is that this device will absorb the radiation by 
transforming the electric field E and magnetic field H in the resonance frequency 
region [26], [27]. As the proposed metamaterial absorber unit cells are smaller than 
the wavelength, it is suitable for extraction of the effective permeability, permittivity, 
and refractive index of the material. To reduce the transmission, the imaginary part of 
permeability µ(ω), and permittivity ε(ω) should be as large as possible, as they 
contribute to the losses. By tuning permeability µ(ω) and permittivity ε(ω) of the 
absorber, it achieved a near match of the equivalent parameters and free space 
matching impedance (z0). The proposed metamaterial absorber will exhibit a versatile 
absorption characteristic, since it is insensitive to incident polarization. Performance 
will be investigated at different angles of incidence.  
 
Based on the aims, the research question is framed as following: 
Q1. Can ambiguity be avoided in the extraction of electromagnetic constitutive 
properties when the length of the materials is relatively long? 
Q2. Can EBG based DSSRR be utilized to design materials on devices and fabricate 
in microwave frequency region with predictable characteristics?  
Q3. Can metamaterial based microwave absorber be designed and fabricated with 
predictable characteristics? 
 
1.4 The Overview of Thesis Structure  
This section discusses the overview of the methodology and its subsection details.    
 
1.4.1 Chapter 1 – Introduction 
Chapter 1 introduces a short background and motivation which covers very basic 
information. Three major obstacles are identified which are essential in order to 
improve the performance. The research focuses on several specific aims and classical 
algorithms are developed. By utilizing the updated extraction technique, several 
microwave structures are investigated.  
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1.4.2 Chapter 2 – Background and Literature Review 
The detailed background of metamaterials is defined in this chapter. The chapter 
introduces some basic fundamental issues including Maxwell’s equations and Snell’s 
law. The characteristics of artificial electromagnetic dielectrics in a lattice structure 
and how the lattice replaces the metamaterial atoms are discussed in details. Finally, 
several useful metamaterial behaviour and characteristics are also explained briefly.   
 
1.4.3 Chapter 3 – Composite Right/Left-Handed Metamaterial Characteristics 
for Periodic structure 
Based on the physical attributes, metamaterials are classified into two categories: 
transmission line nonresonant structure and microstrip implementation of a resonant 
structure. In this chapter, the nonresonnat transmission lines structures are discussed 
in details. The transmission lines are modelled by the series capacitance and shunt 
inductance. Various design examples of metamaterials are characterized and their 
properties are explained. To confirm the metamaterial behaviour and characteristics, 
backward wave dispersion diagram, anti-parallel phase velocity and positive group 
velocity are also explained. The electromagnetic constitutive parameters of dielectric 
permittivity and magnetic permeability are also discussed briefly. 
 
1.4.4 Design and Analysis of Periodic and Aperiodic Homogeneous 
Metamaterials  
The chapter investigates the electromagnetic wave response and its artificial structure 
in single unit-cell, periodic unit-cell, and aperiodic unit-cell orientations. By 
considering the electric and magnetic response, a split-ring resonator and a 
complementary split-ring resonator is obtained. Differences between the identical and 
non-identical coupling effects are also explained. The aperiodic and periodic lattice 
structures display almost similar results. The dielectric permittivity and magnetic 
permeability show the resonant and anti-resonant behaviour operating in the reject-
band frequency region. The below and above band-gap region of imaginary parts of 
permeability and permittivity display near zero values in order to achieve a lossless 
structure.   
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1.4.5 The Sensitivity of Dielectric Thickness and Constitutive Retrieval 
Techniques  
Chapter 5 describes several retrieval techniques for the electromagnetic parameters of 
dielectric permittivity and magnetic permeability. It shows that most of the extraction 
techniques are suitable for the small thickness of the dielectric slab. These techniques 
are not efficient when the slabs are wide (long thickness), and the unit-cell size 
dimension becomes larger than a wavelength. This chapter explains the conventional 
extraction techniques and their limitation, and also suggests the potential solutions by 
optimizing the correct branch of the index, avoiding singularity errors, ambiguities and 
away with integration truncation. To improve the ambiguity and singularity problem, 
the study employed the Cauchy Residue integral instead of the trapezoidal rule of 
integration.  
 
1.4.6 Synthesis of Left-Handed DSSRR Artificial Structure for Homogeneous 
Infinite Slab Characteristics  
Chapter 6 presents the EBG structure for metamaterial characteristics in RF and 
microwave applications. The proposed microstrip implementations were designed for 
a single unit-cell, as well as periodic unit cells in a lattice structure. The microstrip 
lines are realized using equivalent circuits of the transmission lines consisting of a 
combination of series of inductances and shunt capacitances. The electromagnetic 
properties of dielectric permittivity and magnetic permeability display resonant and 
anti-resonant characteristics. To confirm metamaterial behaviour, several 
characteristic properties including anti-parallel phase velocity, positive group velocity 
and negative refractive index also highlighted. 
 
1.4.7 Design and Analysis of Metamaterial Absorber Based On the Octagonal 
Ring, Cross-Wires, and Cut-Off Circle Shaped Structure  
Chapter 7 represents a unique shape of dual-band metamaterial absorber. The proposed 
absorber exhibits versatile absorption characteristics, including insensitivity to 
received polarization. The performance of the structure at different angles up to 90° 
are also investigated. The numerical and experimental results show excellent 
performance that matches the theory. The effects of the constitutive parameters on the 
absorber properties are also analyzed, including dielectric permittivity, magnetic 
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permeability and refractive index. The investigation of a symmetric design structure 
shows the polarization-insensitivity, and high absorption rate is obtained. Excellent 
agreement in the absorptivity rates is observed.    
 
 
 
 
 
1.5 Publications Arising from this Research Work 
o M. Jasim Uddin, M. Habib Ullah, T.A. Latef, W.N.L. Mahadi, M. T. Islam 
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Suitable for Metamaterial Behavior Characterization," IEEE Microwave 
Magazine, vol. 17, pp. 52-58, issue 8, August 2016.  
 
o M. Jasim Uddin, M. Habib Ullah, “The Effective Periodic Homogeneous 
Metamaterials for infinite Complementary Dielectric Slab Characteristics”, 
International Journal of Applied Electromagnetics and Mechanics (IJAEM), IOS 
Press, vol. 50, pp. 255-262, no 2, 2016.  
 
o M. Jasim Uddin, M. Habib Ullah, T. A. Latef, and W. N. L. Mahadi “Inversion 
Response to Optimize Lumped-Element Circuits for Metamaterials,” International 
Journal of Circuit Theory and Applications, vol. 45, pp. 36-46, issue 1, January 
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o M H Ullah, M Jasim Uddin, T A Latef, W N L Mahadi, M R Ahsan, M T Islam, 
“Constitutive Parameter Analysis of a Left-handed DSSRR Metamaterial for 
Homogeneous Infinite Slab”, IET Microwaves, Antenna and & Propagation, Vol. 
9, Issue 15, pp.1740-1746, December, 2015.  
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Chapter 2 
Background Theory of Metamaterials 
2.1 Background of Metamaterials 
2.1.1 Maxwell’s Equations and Left-handed Material 
The electromagnetic (EM) properties of left-handed materials exhibit negative 
dielectric permittivity and magnetic permeability, simultaneously. The EM medium 
generally represents four vectors: electric field E, magnetic field H, propagation vector 
k and Poynting vector S, where S and k are in opposite directions. Such medium is 
known as left-handed medium (LHM) [28], [29]. In LHM, the electromagnetic 
properties generally show negative behaviour. It can be defined by using Maxwell’s 
expressions through the constitutive parameters,  
 
∇×𝑬 = −
𝜕𝑩
𝜕𝑡
 
(2.1) 
and 
∇×𝑯 =
𝜕𝑫
𝜕𝑡
 
(2.2) 
where, 
 
B = µH  
and 
D = ɛE 
(2.3) 
 
(2.4) 
In order to investigate the plane wave propagation to a time dependence of ejωt is 
assumed, expression (2.1) can be rewritten as, 
 
k × E = ωµH 
k × H = -ωɛE 
(2.5) 
Here, ε is the dielectric constant, µ is the permeability, and ω is the frequency. 
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In expression (2.5), when ɛ < 0 and µ < 0, E, H, and k are a left-handed triplet of 
vectors. The direction of the energy S is given by the Poynting vector through the 
medium: 
𝐒 = 𝐄×𝐇 (2.6) 
The Poynting vector of a homogeneous structure is normal to the electric and magnetic 
fields  [29]. In a left-handed medium, the Poynting vector changes direction, and thus 
the wave vector passes a wave into the opposite direction, which is termed as the 
backward wave (Figure 2.1). On the other hand, in a right-handed medium, the wave 
vector and the Poynting vector are in the same direction, which is known as the 
forward wave (Figure 2.1) [31]. 
 
Figure. 2.1 (a) The RH material of E, H, and k is a homogeneous vector system 
alignments, and the wave vector k and energy or propagation vector S are in the same 
directions. (b) The LHM where the E, H, and k is a left-handed vector system 
alignments and the wave vector k is opposite directions of energy vector S [31]. 
 
2.1.2 Snell’s Law 
Snell’s law is primarily used to describe the relationship between the angle of 
incidence and the angle of refraction of a wave when it travels from one medium to 
another [32]. This law is suitable for left-handed medium structure. A backward 
travelling wave this has a negative angle of refraction. Snell’s law is obtained by 
applying boundary conditions. The formula of the law is 
n1sinθ1 = n2sin θ2 (2.7) 
Here n1 and n2 are shown the different medium refractive indices, while θ1 and θ2 
represent the angle of incidence and angle of refraction, as shown in Figure. 2.2. 
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Figure. 2.2 The positive refraction and negative refraction direction. 
 
Figure. 2.2 (a) represents the positive index media of a refractive wave that passes 
through the opposite medium and Figure. 2.2 (b) exhibits the index media where the 
angle of refraction becomes negative in the opposite medium.  
 
2.2 The Electrodynamic of Materials 
2.2.1 Artificial Dielectrics and Dipole Moment 
The dielectric is an electrical insulator which can be excited and polarized by applying 
an external electric field. The positive charge of the nucleus is trying to attract the 
electron, combining, and generating a cloud around the nucleus. In the dielectric 
medium, the external electric field E that polarizes the atoms or molecules in the 
material as shown in Figure 2.3 (a) and (b). By applying an external electric field, the 
positively charged nucleus and the negatively charged electron creates a dipole 
moment shown in Figure 2.3 (c) [33]. The induced polarization vector P has less 
density than the opposite directions of electrons E.  
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Figure.2.3 (a) Without applying external electric field E, the center of the electron 
cloud is located parallely with the nucleus, (b) by applying an external electric field, a 
distance d separates the two center, (c) electric dipole characteristics. 
 
Replacing atoms with a periodic structure can mimic the effects of polarization 
produced by the atoms. The metallic objects can also produce a polarization vector P, 
thus making it act as an artificial dielectric [34]. Figure 2.4 shows several examples 
of artificial dielectric structures.  
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Figure. 2.4 Typical artificial dielectric structures; (a) 3D sphere medium; (b) 3D disk 
medium; (c) 2D strip medium; (d) 2D rod medium. 
 
On the other hand, if the periodic atoms are replaced with the resonant structures such 
as split-ring resonators, both electric and magnetic polarization can be produced in 
response to an externally applied field. The lattice of the split ring resonator structure 
produces both magnetic dipole and electric dipole field, simultaneously. In specific 
frequency region, the resulting polarization P and magnetization M produced by the 
resonant structures, which are relatively large and in opposite directions to applied flux 
density vectors D and B. Thus, the electromagnetic material parameters of dielectric 
relative permittivity ɛr and magnetic relative permeability µr become negative, 
simultaneously. These unusual electromagnetic structures are characterized by the 
electric field E, magnetic field H, and wave vector k which arranged in a left-handed 
triangle. The wave direction is in the opposite direction to the conventional right-
handed materials.  
 
2.2.2 Plasmas 
The oscillation of the electron have an impact on the permittivity expression at 
resonance, where the permittivity acquires a strong, complex form and dissipates 
energy from the applied field in the atomic lattice [35]. Apart from these resonances, 
the permittivity is a weak function of frequency and represents a constant value. In the 
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lossless limit (γk → 0), if the finite frequencies are well above frequencies of the 
medium (ω >> ωk), the permittivity displays characteristics of the form  
𝜀(𝜔) = 1 −
𝜔𝑝
2
𝜔2
 
(2.8) 
Here, the wave propagation factor is determined as γk, wave vector entire frequency is 
ωk, plasma resonant frequency ωp. The permittivity becomes negative in the range ωk 
<< ω << ωp due to the corresponding refractive index becoming complex and in the 
forbidden zone (between valence and conduction, where no electron energies are 
allowed) propagation decays exponentially into the medium. Internal reflection is also 
observed, with all incident radiation into the medium. This behaviour is the 
characteristic of plasmas and therefore the frequency ωp is known as plasma frequency.  
 
2.2.3 Negative Dielectric Permittivity and Magnetic Permeability  
The electromagnetic parameters (permeability and permittivity) can be designed to 
mimic negative materials constant [36]. At microwave frequencies, the dielectric 
permittivity can be considered as negative, and the entire charge becomes neutral. 
However, left-handed materials are not available in nature. The plasma behaviour is 
responsible for negative dielectric permittivity when the frequency is less than the 
plasma frequency. The characteristics of plasma may use an appropriate method for 
determining the negative value of dielectric permittivity in the order of -1. The 
dielectric permittivity can be modelled in the following way by using Drude model 
[37]. 
𝜀(𝜔) = 1 −
𝜔𝑝
2
𝜔(𝜔 + 𝑖𝜔𝑐)
 
(2.9) 
where 𝜔𝑐 is the damping frequency and the plasma frequency is given by: 
𝜔𝑝
2 =
𝑛𝑒2
𝜀0𝑚𝑒𝑓𝑓
 
(2.10) 
Here, n is the electron density of the structure, e is the electric charge, and meff is the 
effective mass of free electrons. Figure 2.5 represents an example of the array of wire 
medium in a lattice structure, where each wire has an individual radius with the same 
lattice distance from wire to wire. The real part of the dielectric constant is negative at 
the plasma frequency point and it increases in higher frequency regions.  
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Figure. 2.5 The metallic wire arrays and the real part of dielectric constant [36]. 
 
Pendry proposed a split ring resonator (SRR) where he showed negative permeability 
in the certain polarization of incident electromagnetic waves within a narrow 
frequency band [5]. In the magnetic field penetration, an electromagnetic wave passes 
into the SRR and the circulating currents are stored and induced within the split gaps 
and both inner and outer metallic conducting rings. Thus, single SRR act as a series of 
inductance, resistance and capacitance (LRC) between the two rings. The effective 
permeability μeff is determined as:  
𝜇 = 1 −
𝐴𝜔2
𝜔2 − 𝜔𝑚2 + 𝑖𝜔Γ𝑚
 
(2.11) 
where 𝜔𝑚 =
3𝑎𝑐0
2
𝜋𝑙𝑛
2𝜔
𝑑
𝑟3
, Γ𝑚 =
2𝑎𝜎
𝑟𝜇0
, and 𝐴 =
𝜋𝑟2
𝑎2
 is the volume fraction of the SRR to the 
total volume unit cell. Here, μ0 is the free space permeability in vacuum, ωm and Γm 
are the resonance frequency and the damping factor, α is the geometric parameters of 
lattice constant, frequency ω, length d, radius r, and the conductivity σ of the metal. 
Figure 2.6 represents the example of the permeability for a split ring resonator. The 
graph represents three different regions where region 1 and 3 shows near zero values 
and region 2 exhibit the resonant behaviour. The imaginary part displays near zero 
values except in region 2.   
 16 Background Theory of Metamaterials 
 
Figure.2.6 the schematic of real and imaginary part of permeability (μ) in SRR[36].  
 
2.3 History of Metamaterials 
This section gives an overview of the development in metamaterial research, 
specifically the properties of left-handed behaviour through the medium. Firstly, it will 
explain the basics of the physical relationship with homogeneous material properties 
that confirms metamaterial behaviour and characteristics for microwave applications. 
 
In 1968, Russian physicist, Veselago, explored the electromagnetic properties of the 
homogeneous medium. He predicted that permittivity and permeability can be shifted 
to negative regions when the Pointing vector S changes direction opposite to the wave 
vector k  [4]. Veselago introduced the terminology left-handed medium. He also 
predicted that the left-handed media have extraordinary artificial electromagnetic 
properties and therefore, the radiation distribution and refractive index directions 
should be changed with respect to its origin based on the design specifications.  
 
In 1996-1999, a physicist at the Imperial College, John Pendry, explored his idea of 
resonant structure and showed that two metallic rings can be used as a metamaterial 
unit-cell in a periodic structure. The periodic thin parallel conducting wires act as 
equivalent composite media, exhibiting a plasma-like permittivity. The permittivity 
becomes a negative below the plasma frequency [5]. The periodic and circular metallic 
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rings of SRRs can be excited within magnetic frequency to act as equivalent media; 
exhibiting a resonant permeability. The SRR structure exhibits negative values of 
electromagnetic parameters in the resonant frequency region. 
 
In May 2000, inspired by Pendry, a physicist called Smith from Duke University, 
presented parallel wires with SRR that when separated through the substrate, exhibit 
simultaneously negative permittivity and permeability over a wide frequency band. 
This preliminary design structure only exhibits a left-handed behaviour for one 
direction of propagation and single polarization fields [6]. 
 
In October 2000, Pendry found interesting characteristics of negative refraction within 
the left-handed medium (LHM) in refocusing the far-field propagating waves by 
negative refraction. He approaches the LHM can be used in lens based on near-field 
microscopy for generating evanescent field [38]. The conventional lens can retrieve 
the information, but the resolution is cut-off at a half wavelength of light that mostly 
disappears at far distances and requires almost two wavelengths. Pendry assumed the 
evanescent waves would enhance within a flat left-handed media lens and therefore, 
allow a perfect image reconstruction without limited resolution. He initially designed 
superlens that was suitable to refocusing the waves far beyond the diffraction limit. He 
found that the LHM with the concept of negative refraction produces the highest 
resolution and minimum loss objects. 
 
In April 2001, the research group of Smith demonstrated for the first time, the 
phenomenon of negative refraction [39]. They used two dimensional isotropic 
composite LHM working at microwave frequencies [40]. These experimental results 
were consistent with the Snell’s law with a negative refractive index for the LHM. 
 
Between May-June in 2002, the research groups of Valanju from the University of 
Texas at Austin explained that the causality and infinite wave are the focal counteract 
of negative refraction [41]. They also claimed the dispersion of LHMs group velocity 
is positive even when the phase refracts negatively, and therefore, a wide band signal 
will bend and travel in the usual direction. 
In June 2002, the investigation of SRR with wire medium of LHM and its equivalent 
circuits were proposed by three groups at almost simultaneously: the group of Caloz 
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and Itoh [7], [17] the group of Eleftheriades [32] and the group of Oliner [9]. The main 
idea consists of realizing a transmission line with the series capacitance and shunt 
inductance that lead to equivalent circuit topologies like T-type or π-type for the 
transmission line structure.  
 
In December 2002, Eleftheriades et al. [32], showed a perfect two dimensional 
transmission line network with a clear experimental verification of negative refraction 
focusing of electromagnetic waves from a left-handed lens. In March-April 2003, 
Parazzoli [42], who mostly worked on the Boeing Phantom in Seattle, carried out a 
similar experiment to Smith. He also detected negative refraction of waves at a 
remarkably long distance from the LHM sample. The experimental results verified the 
theoretical results and confirmed the existence of negative refraction. 
 
April 2003, Houck [43] from MIT Media Laboratory at Cambridge presented negative 
index of refraction for two dimensional materials. He proved Pendry’s prediction that 
a flat rectangular slab material could focus power from the source point [42]. Research 
published in 2006, metamaterial marked the start of exciting research of invisibility 
known as cloaking, which consists of hiding the objects through the Meissner effect 
and bending light around them as proposed by Pendry et al. [44].  
 
Beyond 2006, significant research on metamaterials was published by several research 
groups [15], [45], [46]. Metamaterial research is currently being used in various 
applications including filters [47], antennas [18], EBG structure [48].  
 
2.4 Left-Handed Medium 
Nowadays, metamaterials are attracting a great interest in electromagnetic research 
due to their unusual properties of dielectric permittivity (ɛ) and magnetic permeability 
(µ). There are several types of media that behave in different ways in quadrant I, II, 
III, and IV, shown in Figure 2.7. It includes a double positive (ɛ > 0, µ > 0) in II 
quadrant, single negative electric (ɛ < 0) in quadrant I, single negative magnetic (µ < 
0) in quadrant IV and double negative (ɛ < 0, µ < 0) in quadrant III. However, materials 
in quadrant III are not found in nature and therefore researchers create these artificially. 
The Russian scientist, Veselago, initially predicted the existence of double negative 
materials in 1968 [4].  
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Figure.2.7 Electromagnetic wave propagation in materials with various values of ε and 
μ[49]. 
 
2.4.1 Double Negative Medium 
A double negative medium (DNG medium) is a simple medium characterized by 
simultaneous negative values for electromagnetic property parameters, as expressed in 
(2.12) [35]. Permittivity and permeability are classified of four areas double positive 
medium (DPS medium), double positive, negative medium (DPG medium), negative 
epsilon medium (ENG medium) and negative mu medium (MNG medium). Moreover, 
the denomination single negative medium (SNG medium) includes both ENG and 
MNG media. 
ɛ´ < 0 and µ´ < 0 ≈ (DNG medium)  
ɛ´ > 0 and µ´ > 0 ≈ (DPG medium)   
ɛ´ < 0 and µ´ > 0 ≈ (ENG medium)   
ɛ´ > 0 and µ´ < 0 ≈ (MNG medium)                                   
(2.12a) 
(2.12b) 
(2.12c) 
(2.12d) 
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These definitions do not rely on any particular waves, but they can be applied in a 
simple medium. 
 
2.4.2 Backward Waves 
It is known that the electromagnetic wave of single negative or double negative forms 
a left-handed triad and is known as left-handed materials. In classical right handed 
material, the phase, and group velocity wave pass in parallel direction whereas the 
phase velocity can be determined by changing the original direction [28]. Therefore, 
the left-handed materials are known as backward wave materials, where the phase 
velocity and the group velocity are anti-parallel. This backward wave phenomenon 
observed in Figure 2.8, which displays the electric field distribution in a rectangular 
waveguide filled with a metamaterial. It clearly shows the shifted wave direction of 
the centre section filled with a left-handed material ɛr = -1 and µr = -1. The field 
distribution represents power transferred from the input to the output of the waveguide, 
while the phase is shifted and travels in a backward direction.  
 
Figure. 2.8 Effective medium of LH metamaterials in the waveguide where the 
backward waves are changing the phase in the opposite direction [50]. 
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2.4.3 Dispersion Relations 
A composite right-left handed (CRLH) transmission line is the artificial structure, 
equivalent to the microstrip implementations, it is created using lumped element 
components, series capacitance and shunt inductance that characterise left-handed and 
right-handed transmission lines. The combination of the left-handed and a right-
handed transmission line with the series and shunt components are defined as CRLH 
transmission line. It may consist of two topologies: T-shaped, and π-shaped topologies. 
The dispersion relationship of CRLH transmission line is derived from the propagation 
constant γ = α + jβ with phase constant β and attenuation constant α. The detailed 
numerical expression is explained in Chapter 3.  
 
The dispersion relation is also inferred when a CRLH unit-cell is in the balanced 
condition where a smooth transition line towards from the left-handed to right-handed 
is observed. The balanced case is positioned only where the series and shunt 
frequencies are equivalent and in the same root point. Figure 2.9 (a) represents the 
incremental waves through the left-handed and right handed regions where both waves 
originated from the same source with resonant frequency (f0). The right-side light-line 
(c0) which acroases the dispersion indicates the bounded wave modes. The guided 
regions are exhibited in the higher frequency regions by the interaction between left-
handed lines and free space light-line.  
 
The CRLH unit cell are unbalanced when the series of frequency (ωse) is not equal to 
the shunt of frequency (ωsh) [51]. The dispersion relations of an unbalanced case 
CRLH transmission line unit cell is shown in Figure 2.9 (b). It exhibits separate left-
handed transmission line and right-handed transmission line behaviour, and in 
between, a band-gap region is evident. The left-handed transmission lines are observed 
at the initial frequency up to the attenuation point. Beyond this, the right-handed 
transmission is evident in higher frequency regions. The dispersion wave propagates 
generally four distinct regions including LH-guidance, RH-guidance, LH-radiation, 
and RH-radiation. There is another distinct region where free space speed of light is 
observed, known as an airline.  
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Figure 2.9 The dispersion relations of CRLH TLs for (a) balanced case and (b) 
unbalanced case. 
 
2.4.4 Phase Velocity, Group Velocity, and Energy Velocity 
In homogeneous media, the phase velocity and group velocity are the ideal 
characteristics. The situation in which the wave passes through the media and the 
group velocity is enhanced in the same directions is characterised by positive group 
velocity. In a left-handed medium, the phase velocity bends the wave and therefore it 
changes its original direction [37]. The phase velocity of the left-handed materials is 
determined as 
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𝒗𝒑 =
𝜔
|𝒌|
?̂? (2.13) 
here ?̂? = 𝒌 |𝒌|⁄ is the unit vector along k direction. The group velocity is defined 
as 𝒗𝒈 = ∇𝒌𝜔 =
𝑑𝜔
𝑑|𝒌|
?̂?. Using the dispersion relation 𝒌 =
𝜔
𝑐0
|𝑛|?̂?, it then can be 
obtained that 
𝒗𝒈 =
𝒗𝒑
𝛼
 
(2.14) 
here 𝛼 = 1 +
𝜔
𝑛
𝑑𝑛
𝑑𝜔
, n is the refractive index value. 
The energy velocity is the ratio of Poynting vector and an average time of power 
density. It is a constant value which determines the dynamic characteristic of a wave 
system. It normally acts as a vector and in the direction of the time-space of energy 
flux. The relationship of phase velocity determines the energy velocity 
𝒗𝒆 =
𝒗𝒑
𝛼
 
(2.15) 
Based on the above expressions, it is observed that the energy velocity ve is the same 
as the group velocity vg. In the right-handed medium, when α > 0, vg and ve are in the 
same direction as vp and in a left-handed medium, where α < 0, vg and ve are in the 
opposite direction of vp. 
 
2.4.5 Wave Impedance 
The concept of wave impedance expresses the relation between the E and H fields of 
the plane wave [52]. This relationship can be expressed in a general form using wave 
impedance  ?̿?: 
𝑬 = ?̿?. 𝑯 (2.16) 
However, the complex wave vector k is sometimes used instead of γ. The relationship 
between these two quantities is simply γ = jk.  
 
2.5 The Challenge of Extraction Technique for Electromagnetic Properties  
The electromagnetic material characterization and retrieval parameter extraction of 
permeability and permittivity are an important issue in microwave applications. The 
electromagnetic material property has independent electric and magnetic response to 
an altering electric and magnetic field. There are several factors to be considered to 
retrieve electromagnetic properties, such as satisfying boundary condition and 
selecting the appropriate thickness of the slab dimension. However, the mathematical 
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solution for electromagnetic material parameter does not yield unique results, and this 
presents a great challenge. There are several extraction techniques available in the 
literature, including a curve fitting technique [53], dispersion technique [54], inversion 
response [55]. The classical Nicholson Ross Weir technique suffers from an intrinsic 
problem when the thickness of the material sample is relatively large. The 
determination of β depends on the continuous phase changes and when it exceed a 
periodic cycle 2π, which results in ambiguity [19]. The modified Nicholson Ross Weir 
technique proposes an automated extraction procedure that does not change the branch 
location, instead maintaining the principle branch corresponding to m = 0. Another 
obstacle of this technique is the need to check the initial measurement frequency point, 
and it should be predefined. It does not verify each of the measurement frequency 
points separately. This technique is best to be chosen while the thickness of the 
material sample is relatively small. However, this technique is not appropriate for the 
large thickness of the material sample. When the material sample thickness is 
relatively large, the ambiguity keep changing in different measurement points and 
therefore the phase error of different branches also keep changing accordingly. 
Therefore, it is essential to check the proper branch that minimizes the ambiguity. If 
the initial frequency measurement point is not appropriate due to a thick sample, we 
should check the correct branch index to minimize the ambiguity, which limits the 
modified NRW technique. There are some research on eliminating the ambiguity in 
the high dispersive material dominated by plasmonic resonance [55] – [58]. For 
instance, Rodriguez-Vidal presented group delay technique [56], where each of the 
frequency point calculated between phase delay and group delay is calculated at each 
frequency point. Baker-Jarvis et al. [57] proposed a noniterative technique using 
relative permeability equations which require an initial guess. He also presented a 
nonlinear least squares regression model for stable electromagnetic parameters [58]. 
However, all these techniques still have challenges to remove ambiguity for a variety 
of reasons. At certain frequencies, it may create anomalous dispersion due to rapid 
changing phase; the group velocity may differ in some region from the phase velocity 
[18]. A phase factor can be determined by expressing the exponential in terms of 
scattering parameters which overcomes the ambiguity. This condition is only valid 
when the material sample thickness remains small: d < λ/2, in which case m can be set 
as 0. However, If the initial choice of phase branch m = 0 is not correct, it is necessary 
to locate other branches displaying high ambiguity. The phase factor introduces an 
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ambiguity error when a highly dispersive material used, and the sample of the material 
becomes large. In this case, the phase factor checks the maximum range up to π ≤ βd 
≤3π, accept the correct phase which less than the actual phase. Considering the 
imaginary part of permeability and permittivity determines the lossy structure when 
the wavenumber becomes ambiguous. The log count branch function f(m) converted 
to the minimization of integer values, avoid the ambiguity, and accept proximity closes 
to zero. The branch f(m) minimizes the argument factors and provides the nearest 
integer values by substituting complex refractive index and wave impedance. In this 
condition, the correct branch f(m) accept the nearest integer closest to zero values. 
Another electromagnetic parameter retrieval technique Kramers Kronig extraction, 
uses the imaginary part of the waves and preselects the correct, unambiguous values 
from the branch index [20]. However, it used trapezoidal integration which truncates 
the infinite range of integration. This approach avoids the singularity but may yield 
erroneous results, while the singularity error violates causality. 
 
2.6 The Challenge of Multiband, Polarized, and Sensitive Absorber 
Over the last decade, significant contributions to microwave absorbers include the 
Salisbury screen [60] and Jaumann absorbers [61]. In order to achieve the high peak 
absorption and broadband performance, Salisbury inserted an additional single 
resistive sheet at a certain distance from the ground plane. Jaumann inserted two 
additional resistive sheets at a specific distance from the metallic ground plane, which 
produces a sandwhich structure. The classical microwave metamaterial absorber 
shows great potential for this application, but fails to offer the principle 
electromagnetic properties for the desired absorber. There is still a lack of attention 
focusing on energy loss related issues which are very important in imaginary part of 
the retrieved parameter properties [62]. Some of the existing metamaterial absorbers 
present a high peak absorptivity but are only suitable for single band operation. They 
are polarization sensitive with narrow acceptance angle, which limits their application. 
There is demand for high absorption, multiband, polarization insensitive absorber 
which can be utilized in various modern applications.   
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2.7 Conclusion 
The various basic expression and several key laws are investigated in the first section 
which verifies that the electromagnetic wave can be passed through the opposite 
direction and behave as left-handed materials. Then, a detailed history of metamaterial 
was discussed. The left-handed medium characteristics where several properties such 
as backward wave, dispersion relation, phase group velocity and wave impedance were 
also highlighted. It is shown that the most metamaterial constitutive property 
extraction techniques are still facing challenges when the material dimensions became 
thicker.  
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Chapter 3 
Composite Right/Left-Handed 
Metamaterial Characteristics for Periodic 
Structures 
3.1 Overview 
In this chapter, a T-type lumped element model, equivalent to the microstrip structure 
for a periodic pattern, is obtained. Moreover, metamaterial behaviour and the 
characteristic of electromagnetic parameters of dielectric permittivity, relative 
permeability, dispersion relation, phase velocity, group velocity and refractive index 
are briefly explained. The new contribution of this chapter summarizes the microstrip 
implementation of periodic (6×6 unit-cell) complementary split-ring resonators 
(CSRRs) and their equivalent lumped element models that confirms that the proposed 
designs display metamaterial behaviour.  
 
3.2 The Transmission Line Model of a Metamaterial 
The microstrip implementation can be modelled equivalently using a lumped (L, C) 
transmission line structure in single unit cell on multi-unit cell structures. The ideal 
transmission line model is shown in Figure 3.1 (a). It consists of a series of impedance 
𝑧𝑠
´  and a parallel admittance 𝑦𝑝
´  (per unit-length d). The wave propagation on the 
transmission lines is characterised using  the wave impedance z0 and  propagation 
constant γ, where γ = α + jβ, α is the attenuation constant, and β is the phase constant 
[28]-[8].  
𝑧0 = √
𝑧𝑠´
𝑦𝑝´
 
(3.1) 
𝛾 =  ±√𝑧𝑠´𝑦𝑝´  
(3.2) 
 
The purely right-handed (PRH) transmission line has an inductive series impedance, 
representing the stored energy of the magnetic field, and the parallel admittance, 
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representing the stored energy of the electric field is shown in Figure 3.1 (b). Thus, for 
a lossless line we have 𝑧𝑠
´ = 𝑗𝜔𝐿𝑅
´ , 𝑦𝑝
´ = 𝑗𝜔𝐶𝑅
´ , we can then rewrite expression (3.1) - 
(3.2) as 
𝑧0 = √
𝐿𝑅
´
𝐶𝑅
´
 
(3.3) 
𝛾 =  𝑗𝛽 = 𝑗𝜔√𝐿𝑅
´ 𝐶𝑅
´  
(3.4) 
 
 
Figure 3.1 (a) The unit-cell for 1-D distributed L-C network. (b) Conventional PRH 
TL. (c) The classical PLH TL. (d) The composite right and left handed (CRLH) TL.  
 
By using the above propagation constant γ, we get phase velocity equal to the group 
velocity 
𝑣𝑝 =
𝜔
𝛽
=
1
√𝐿𝑅
´ 𝐶𝑅
´
 
(3.5) 
and, 𝑣𝑔 =
𝜕𝜔
𝜕𝛽
=
1
√𝐿𝑅
´ 𝐶𝑅
´
 (3.6) 
Let us consider, a purely left-handed transmission line by interchanging the positions 
of the capacitor and the inductor; the resulting in structure shown Figure 3.1 (c). The 
transmission line changes the original coupling structure of an L-C low-pass circuit to 
a C-L high-pass structure. Under the lossless condition, it produces 𝑍𝑠
´ = 1 (𝑗𝜔𝐶𝐿
´)⁄  
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and 𝑦´𝑝 = 1 (𝑗𝜔𝐿𝐿
´ )⁄ . Inserting these into the expressions expression (3.1) - (3.2), it is 
obtained that 
𝑧0 = √
𝐿𝐿
´
𝐶𝐿
´
 
(3.7) 
𝛽 = −
1
𝜔√𝐿𝐿
´ 𝐶𝐿
´
 
(3.8) 
By using the phase constant (3.8), we can get the phase and group velocity as 
𝑣𝑝 =
𝜔
𝛽
= −𝜔2√𝐿𝐿
´ 𝐶𝐿
´  
(3.9) 
and, 𝑣𝑔 =
1
𝜕𝛽
𝜕𝜔
⁄
= 𝜔2√𝐿𝐿
´ 𝐶𝐿
´  
(3.10) 
 
3.3 Periodic Microstrip Implementation Based on CRLH Transmission lines 
The physical microstrip planar structure is equivalent to the composite right/left-
handed (CRLH) transmission line, which can be modelled as a series capacitance and 
shunt inductance. Figure 3.1 (d) shows the metamaterial composite right/left-handed 
transmission line equivalent circuit model in the symmetric form, where each unit-cell 
size is considered as p. The equivalent circuit model is the combination of a series of 
capacitors (2CL) and parallel inductors (LL). Due to the inherent parasitic structure, the 
series inductor (LR/2) and shunt capacitor (CR) of CRLH transmission lines are the 
most suitable model to characterize a metamaterial structure. The series impedance, 
parallel admittance, and the phase constant written as 
[
𝐴 𝐵
𝐶 𝐷
] = [1
𝑍
2
0 1
] [
1 0
𝑌 1
] [1
𝑍
2
0 1
] 
=[
1 +
𝑍𝑌
2
𝑧 (1 +
𝑍𝑌
4
)
𝑌 1 +
𝑍𝑌
2
] 
 
 
 
 
(3.11) 
where 
𝑍 2⁄ = 𝑗𝜔𝐿𝑅 2⁄ +
1
𝑗𝜔2𝐶𝐿
 
(3.12) 
and, 𝑌 = 𝑗𝜔𝐶𝑅 +
1
𝑗𝜔𝐿𝐿
 (3.13) 
The unit cell size is recalculated with the length of the unit-cell size and written as 
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LR → L´Rp, CR → C´Rp, LL → LL/p, CL → CL/p. 
 
The output current Io and voltage Vo are related to the input current Ii and voltage Vi 
via [ABCD] matrix, written as [28] - [8] 
[
𝑉0
𝐼0
] = 𝑒−𝛾𝑝 [
𝑉𝑖
𝐼𝑖
] 
=[
𝐴 𝐵
𝐶 𝐷
] [
𝑉𝑖
𝐼𝑖
] 
(3.14) 
Expression (3.14) is rearranged in the form of a homogeneous linear system 
[𝐴 − 𝑒
−𝛾𝑝 𝐵
𝐶 𝐷 − 𝑒−𝛾𝑝
] [
𝑉𝑖
𝐼𝑖
] = [
0
0
] 
(3.15) 
In a pass-band structure, the composite right/left-handed transmission line propagates 
a wave which has a phase propagation constant β and related to the lumped element 
parameters using the following dispersion relation (β − ω) 
𝑐𝑜𝑠(𝛽𝑝) = 1 +
𝑍𝑌
2
 
(3.16) 
The composite right/left-handed transmission line has unit-cells size p, which is much 
smaller than the guided wavelength λg (p ≪ λg). Therefore, the expression (3.16) 
replaces Taylor series to the second order of cos(βp) ≈ 1 − (βp)2 /2. Substituting this 
relation back into (3.16) gives 
𝛽 =
1
𝑝
√−𝑍𝑌 
=
1
𝑝
√(𝜔2𝐿𝑅𝐶𝑅 +
1
𝜔2𝐿𝐿𝐶𝐿
) − (
𝐿𝑅
𝐿𝐿
+
𝐶𝑅
𝐶𝐿
) 
(3.17) 
The altering left-handed and right-handed transmission lines can be separated in the 
low and high-frequency regions. It can be written as 
𝜔𝑅 =
1
√𝐿𝑅𝐶𝑅
 
(3.18a) 
𝜔𝐿 =
1
√𝐿𝐿𝐶𝐿
 
(3.18b) 
𝜉 = 𝐿𝑅𝐶𝐿 + 𝐿𝐿𝐶𝑅 (3.18c) 
The series frequency, as well as the shunt frequencies in the resonance regions, can be 
written as 
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𝜔𝑠𝑒 =
1
√𝐿𝑅𝐶𝐿
 
(3.19a) 
𝜔𝑠ℎ =
1
√𝐿𝐿𝐶𝑅
 
(3.19b) 
Subsequently, an explicit expression for the complex propagation constant can be 
written as 
𝛾 = 𝛼 + 𝑗𝛽 = 𝑗𝑠(𝜔)√(
𝜔
𝜔𝑅
)
2
+ (
𝜔𝐿
𝜔
)
2
− 𝜉𝜔𝐿
2 
(3.20) 
 
where S(ω) sign function can be written as 
𝑆(𝜔) = {
−1      if           ω < min(ωse, ωsh)          LH range
+1      if           ω < max(ωse, ωsh)          LH range
 
(3.21) 
 
3.3.1 Design Procedure Steps 
There are several steps involved in the design procedure: 
1) Determination of the resonance frequency f0 and unit-cell size p that can be 
replicated in a periodic way. The circuit models can be either T or π topology, and 
loaded models should have lumped-element components including stub inductors 
and parasitic capacitances.  
2) The designed microstrip structure can then be compared and compared to the 
lumped elements circuits to extract the value of unknown parameters in lumped 
elements model using the particle swarm optimization (PSO) technique.  
3) The parasitic component of lumped elements may vary with the frequency, and 
therefore, it should be compensated. The extracted the value of the scaling-average 
ratio, including the series of inductances and parallel capacitances is obtained 
In Table 3.1, the above parameters are implemented in Figure 3.2 - 3.3, and Figure 3.6 
– 3.9. 
 
Table 3.1 Parameters of the CRLH TLs corresponding to the design example  
TYPE CL [PF] CR [PF] LL [nH] LR [nH] 
T (unbalanced 
case) 
0.17 0.51 0.27 0.57 
T (balanced case) 0.35 0.35 0.51 0.51 
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Figure 3.2 (a) The single unit-cell of CRLH TL, (b) The periodic equivalent circuit 
model of CRLH-TLs, (c) The equivalent periodic unit-cells of microstrip 
implementation. Substrate Rogers R03010, dielectric constant 2.2, tanδ=0.0009, t = 
1.27, s = 1.5, r =2.1, p =2.5, a =5, b = 53.2. (All parameters are valid only in mm) 
 
The single unit-cell shown in Figure 3.2 (a) is explained in the previous section. The 
CRLH TL is characterized by a symmetric or asymmetric periodic structure, based on 
the unit-cell size length. Here, the unit-cell size is much smaller than the guided 
wavelength, because the electromagnetic wave did not display any discontinuity in any 
dimensions, and the physical structure looks similar to the homogeneous structure. The 
unit-cell of such a periodic structure shown in Figures 3.2 (b)-(c). By applying 
Kinchoff’s voltage and current laws 
𝑉𝑖 − 𝑉𝑜 = 𝐼𝑖𝑍     and         𝑖𝑜 − 𝑖𝑖 = 𝑉𝑜𝑌 (3.22a) 
the periodic boundary conditions are 
𝑉𝑜 − 𝑉𝑖𝑒
−𝑗𝛽𝑑      and         𝑖2 = 𝑖𝑖𝑒
−𝑗𝛽𝑑 (3.22b) 
 
Here, β is the phase constant, and d is the length of the slab. 
During the balanced condition of LRCL = LLCR, the expression (3.17) can be written as 
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𝛽 =
1
𝑝
√(
𝜔2
𝜔𝑅
2 +
𝜔𝐿
2
𝜔2
− 2
𝜔𝐿
𝜔𝑅
) =
1
𝑝
(
𝜔
𝜔𝑅
−
𝜔𝐿
𝜔
) 
(3.23) 
The CRLH equivalent circuit model can be designed in a periodic pattern. Figure 3.3 
(a) represents the magnitude of S11,N, and S21,N in the symmetric band-stop or rejection 
band structure. The details of the unit-cell of balanced and unbalanced cases of T-type 
structure parameters are shown in Table 3.1. The equivalent phase transmission and 
14.7 GHz resonance frequency are shown in Figure 3.3 (b). The dispersion relations 
in a metamaterial structure is defined both the right-handed and left-handed 
transmission line as shown in Fig 3.3 (c). The conventional right-handed transmission 
line structure is characterized the wave impedance in specific point. However, the 
periodic composite right/left-handed transmission line does not usually well-define 
wave impedance due to the loading of the network. In a periodic structure, it is replaced 
by the Bloch impedance. It is defined as the impedance of the edge at any kth point. By 
obtaining the ABCD matrix, we can write    
𝑧𝐵 =
𝑉𝑘
𝐼𝑘
=
𝑉𝑖
𝐼𝑖
= −
𝐵
𝐴 − 𝑒𝛾𝑝
 
(3.24) 
 The Bloch impedance can be defined from the ZY parameters from the CRLH TLs 
network. 
𝑧𝐵 =
∓𝐵
√𝐴2 − 1
= √
𝑍
𝑌
√1 +
𝑍𝑌
4
 
(3.25a) 
The periodic unit cell uses the transformation between ABCD parameters and 
scattering parameters. The following expression can calculate Bloch impedance 
𝑧𝐵 =
2𝑗𝑧0sin (𝛽𝑝)
(1 − 𝑆11)(1 − 𝑆22) − 𝑆21𝑆12
 
(3.25b) 
here, β is the propagation constant, and p is the periodic length of the unit cell. 
Figure 3.3 (d) illustrates the Bloch impedance in the passband or balanced condition 
of the CRLH TL structure that is matched to the 50 Ohm port impedance. The similar 
frequency range of the periodic microstrip implementation structure is shown in Figure 
3.2 (c). The scattering parameters of the periodic microstrip structure display a sharp 
cut-off reject-band that matched the equivalent transmission lines model, as illustrated 
in Figure 3.4 (a). The phase shift analysis of microstrip transmission lines shows a very 
low group delay response that results in a broader bandwidth. Figure 3.4 (b) shows the 
minimum group delay response for the phase shift transmission within the resonance 
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frequency region. The unwrapped phase response of S21 is obtained the connecting the 
discontinuous section of phase curves at -π to + π, shown in Figure 3.4 (c). This graph 
clearly shows the left-handed and right-handed medium separated by the cut-off 
frequency (f0) region.       
 
 
Figure 3.3 (a) The symmetric periodic CRLH transmission line characteristics 
(magnitude S21), (b) Phase transmission S21,N and (c) Unwrapped phase of S21,N and 
(d) Bloch impedance of CRLH TL. 
 
 
 
Figure 3.4 (a) The microstrip transmission line characteristics (magnitude S21), (b) 
Phase S21,N and (c) Unwrapped phase of S21,N. 
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3.4 Dispersion Relations 
The dispersion diagram meets the design specifications and clarifies both the balanced 
and unbalanced conditions. Figure 3.1 shows the models of i.  purely right-handed 
transmission line, ii. purely left-handed transmission line, and iii. the composite 
right/left-handed transmission line. For the Bloch-Floquet periodic boundary in the 
ABCD matrix, the eigenvalues can be solved from expression (3.11) - (3.13) [63]. The 
expression (3.20) reveals the fundamental electromagnetic properties of propagation 
constant γ that specifies the wave derived from the series impedance and shunt 
admittance. The propagation constant is the combination of the real and imaginary part 
of attenuation constant α and phase constant β. The propagation constant is not 
necessarily purely imaginary γ = j β, which corresponds to a passband. It can be 
characterized while γ = α in a specific frequency region that corresponds to a strop 
band. In addition, the characteristic of right-handed and left-handed transmission line 
is obtained during the pass-band analysis and might be invisible in the stop-band in 
characteristics.  
 
The discrete curves correspond to the right-handed and left-handed transmission line 
shown in Figure 3.5 (a). These curves are confined by the series of frequency (ωse) and 
shunt of frequency (ωsh).  The bandwidth of the spectral gap between the right-handed 
transmission line and the left-handed transmission line is determined as ω1 = ωse; ω2 
= ωsh given in expressions (3.20) and (3.25 (a) - (b)). 
 
Based on the above expression of the series resonance and shunt resonance 
frequencies, it can be interchanged depending on the values of the equivalent 
parameters. Here, if the ratio of LR and CR is not equal to the ratio of LL and CL, then it 
is known as an unbalanced case as shown in Figure 3.5 (a). When the ratio of LR, CR 
and the ratio of LL and CL are the same; it represents the balanced case.  Figure 3.5 (b) 
shows that the dispersion diagram is continuous and the spectral gap is required. Also, 
the series and shunt frequencies are located at the same point.  
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Fig 3.5 Dispersion relation of the CRLH-TL in (a) unbalanced case (b) balanced case 
[28]. 
 
Figure 3.6 (a) represents purely left-handed and purely right-handed transmission line, 
based on the expression (3.4) and (3.8), respectively. A band-gap can be identified 
between 13.2 GHz and 16.2 GHz. It exhibits a positive wave propagation of (right-
handed) in the lower frequency region and a negative wave propagation (left-handed) 
in the higher frequency region. A dotted line which represents the CRLH transmission 
line exhibits a wave direction that intersects in the cut-off frequency (ꙍ0) and a zero 
gap is evident. Figure 3.6 (b) displays the balanced, unbalanced, and attenuation 
characteristics. In the graph (Figure 3.6b) the left-handed region is marked up to 13.2 
GHz, whereas frequencies above 16.2 GHz frequencies are dedicated to the right-
handed region. The blue dotted line indicates a band-gap where the series frequency 
(LR, CR) are not equal to the shunt frequency (LL, CL) parameters. Some attenuation 
appears in the gap region, which is mainly due to the imaginary parts of the dispersion 
diagram. The red curve shows the same frequency point (cut-off) of left-handed and 
right-handed transmission lines, where two lines are in the same roots point.  
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Figure 3.6 Dispersion relation of the periodic microstrip model equivalent CRLH TLs 
in (a) Purely LH, purely RH, and CRLH TLs obtaining expression (3.4) and (3.8); (b) 
The unbalanced case (pass-band), and balanced case (stop band) characteristics from 
the expression. The parameters are for the unbalanced case: CL = 0.17 pF, CR= 0.51pF, 
LL = 0.27nH, LR = 0.57nH, and the balanced case: CL = 0.35pF, CR= 0.35pF, LL = 
0.51nH, LR = 0.51nH. 
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3.5 Phase and Group Velocities 
The other unique properties of CRLH transmission line dispersion relations are group 
velocity and phase velocity. The group velocity that varies with frequency in the 
passband region from ωCL to ωCR is given by [64]-[65] 
 
𝜔𝐶𝐿 = 𝜔𝑅 (√1 +
𝜔𝐿
𝜔𝑅
− 1) 
𝜔𝐶𝑅 = 𝜔𝑅 (√1 +
𝜔𝐿
𝜔𝑅
+ 1) 
(3.26a) 
 
 
 
 
(3.26b) 
The group velocity can be written as 
𝑉𝑔 = (
𝑑𝛽
𝑑𝜔
)
−1
=
𝑝𝑠𝑖𝑛(𝛽𝑝)
(𝜔 𝜔𝑅
2⁄ ) − (𝜔𝐿
2 𝜔3⁄ )
 
(3.27) 
and 
Vp = ω / β (3.28) 
The group velocity and phase velocity of a wave propagating along the CRLH 
transmission line structure is shown in Figure 3.7. Based on the structure excitation in 
the higher frequency region, the wave propagates from the source up to load along 
with CRLH transmission line, and it may appear either in backward-wave or forward-
wave direction. During the wave propagation in ωCL < ω < ω0, the phase velocity 
becomes negative as β < 0 while the group velocity becomes positive. In this frequency 
range, phase and group velocities are anti-parallel, and the wave displays a backward-
wave phenomenon. It appears that the wave energy propagates toward the load while 
the phase is toward the source. In contrast, when ω0 <ω < ωCR, the phase and group 
velocities are positive, thus they become parallel. The wave then displays a forward-
wave propagation, and both the wave energy and phase are then towards the load. At 
the cut-off frequency (ω = ω0), the phase velocity becomes an infinite value, while the 
group velocity is positive.  
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Figure 3.7 The CRLH TLs wave propagation of (a) group velocity (Vg) and (b) phase 
velocity (Vp).  
 
3.6 Electromagnetic Constitutive Parameters 
The CRLH transmission line also extracts the constitutive parameters similar to the 
homogeneous materials and exhibits the same propagation characteristics. The 
propagation constant is modified by mapping the telegraphist’s expression and 
Maxwell’s expressions. The transverse electric (TE) and transverse magnetic (TM) 
then can be related to Maxwell’s expression. In this case, the longitudinal direction 
components of electric and magnetic fields both became zero, and Maxwell equations 
exhibited the same form as telegraphist’s equations. For the TEM mode, the 
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electromagnetic structure of the CRLH transmission line then transforms to the simple 
form [63]: 
𝑑𝐸𝑦
𝑑𝑧
= −𝑍´𝐻𝑥 = −𝑗𝜔𝜇𝐻𝑥 
𝑑𝐻𝑥
𝑑𝑧
= −𝑌´𝐸𝑦 = −𝑗𝜔𝜀𝐸𝑦  
(3.29a) 
 
(3.29b) 
The constitutive parameters of the CRLH transmission lines are determined by 
utilizing the series frequency (ωse) and shunt frequency (ωsh). The permeability and 
permittivity in the lossless condition are valid while ωsh < ωse. The permeability and 
permittivity can be computed in the following expression 
𝜇 = 𝜇(𝜔) = 𝐿´𝑅 −
1
𝜔2𝐶´𝐿
 
𝜀 = 𝜀(𝜔) = 𝐶´𝑅 −
1
𝜔2𝐿´𝐿
 
(3.30a) 
 
(3.30b) 
and the refractive index can be written as 
𝑛 = 𝑛(𝜔) = √𝜀𝑟𝜇𝑟 = 𝑐√𝜀𝜇 
= 𝑐
𝑠(𝜔)
𝜔
√(
𝜔
𝜔´𝑅
)
2
+ (
𝜔´𝐿
𝜔
)
2
− 𝑘𝜔´𝐿
2 
(3.31) 
 
(3.32) 
Here, s(ω) is the sign function; the positive sign represents right-handed medium and 
negative sign signifies left-handed medium. 
 
Figure 3.8 represent the real and imaginary part of permittivity using the expression 
(3.30b). The real part exhibits the wave in negative value up to the resonance frequency 
and then it becomes positive. The imaginary part valued as similar to the lossless case. 
Figure 3.9 shows the negative refractive index in the ωse and ωsh region. It is seen that 
the refractive index becomes zero when the series and shunt frequencies are equals to 
(ωse = ωsh).  
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Figure 3.8 The real and imaginary part of the permittivity of CRLH transmission 
lines in the loss-less case.  
 
 
Figure 3.9 The real and imaginary part of refractive index of CRLH TL computed 
from (3.32). 
 
3.7 Conclusion 
In this chapter, metamaterial microstrip structure has been transformed into an 
equivalent CRLH lumped element model. The similar metamaterial parameters of the 
transferred model are then extracted, producing the dispersion diagram, phase-group 
velocity, permeability, and permittivity. The model can also be used for series 
capacitance and shunt inductance. It was revealed that the most general and practical 
metamaterials are mostly suitable for planar microwave applications using composite 
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right/left-handed (CRLH) transmission line. It also showed that the single unit cell can 
be replicated periodically and their lumped element models can be replicated 
transmission line model.  
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Chapter 4 
Design and Analysis of Periodic and 
Aperiodic Metamaterials 
4.1 Overview 
Split ring resonators (SRRs) and complementary split ring resonators (CSRRs) have 
been using widely in modern electromagnetic devices due to their special magnetic 
and electric resonance characteristics. Generally, the metallic rings of the   SRRs are 
positioned in opposite direction to each other and etched on the slab slab due to observe 
magnetic resonance. On the other hand, the CSRRs are implemented on metallization 
that are etched out on the ground plane in order to achieve electric resonance. The 
purpose of this chapter is to produce engineered structure (SRR and CSRR) with an 
electromagnetic response that differs from conventional materials. To confirm its 
characteristics, single and periodic unit cells of SRRs and CSRRs structures are 
analysed. The effects of periodicity and aperiodicity of unit-cell also investigated. 
Differences between identical and non-identical coupling effects within the 
longitudinal direction are also explained.      
 
4.2 Design Example of Electric and Magnetic Response 
A split ring resonator acts as a building block for realizing resonant magnetic 
permeability and antiresonant electric permittivity, and exhibit unusual properties that 
are not available in nature. These artificial structures are implemented in coplanar 
waveguide (CPW) technology, and can produce either stop-band or pass-band 
structures [66].  
The center frequency can determine using the average loop length of the rings for 
either split or complementary split ring resonator: 
𝐿1 = 2𝜋×𝑟1 − 𝑠 𝑎𝑛𝑑 𝐿2 = 2𝜋×𝑟2 − 𝑠      (4.1) 
where r1 and r2 are the dual ring radius, split gap (s), and the resonant frequency can 
be written as:  
𝑓1 =
𝑐
2𝐿1√𝜀𝑓𝑓
, 𝑓2 =
𝑐
2𝐿2√𝜀𝑓𝑓
, and 𝑓0 =
𝑐
2𝐿𝑒𝑞√𝜀𝑟
      (4.2) 
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Here, c = 3e8 m/s, L1 and L2 varies on the rings length, the dielectric constant (εr) and 
effective dielectric constant (εeff) depend on the substrate properties. 
The artificial split ring resonator is etched on thin substrate Arlon AD 250 (ɛr = 2.43), 
thickness t = 0.49 mm, with a microstrip line width (m) = 0.2 mm. It positioned on the 
opposite side of the substrate, and achieve a high magnetic coupling between 
transmission line and metallic rings in the resonance at 7 GHz region, as shown in 
Figure 4.1 (a). The anti-parallel split gap metallic rings realize magnetic resonance in 
the higher frequency regions and the wider split gap determines the deeper 
transmission. The numerical results of transmission and reflection coefficients are 
shown in Figure 4.1 (b).  
The resonant and anti-resonant characteristics of effective permeability and 
permittivity in the resonance frequency of 7 GHz are shown respectively in Figures 
4.2 (a) – (b). The real part of the dielectric constant (ɛ) exhibits a negative value until 
it reaches to the resonance frequency region and then increases slowly in higher 
frequency region. The imaginary parts of permeability and permittivity remain 
constant (zero) except at the resonance frequency, where it becomes negative. The real 
part of the permeability exhibits the anti-parallel or magnetic resonance at the magnetic 
resonance frequency region, as shown in Figure 4.2 (b).           
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Figure 4.1 A single unit cell SRR with dimension: s = 0.2, r = 1.3, g = 0.2, w = 0.2, a 
= 5, b =5; m = 0.2, substrate Arlon (ɛr = 2.43), loss tangent tanδ = 0.002, conductor 
0.0068, t = 0.49 mm. (b) The simulation results of transmission and reflection 
coefficient vs frequency. (All dimensions are valid only in mm). 
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Figure 4.2 The real and imaginary part of (a) anti-resonant dielectric constant (ɛ) and 
(b) Resonant at magnetic permeability within the resonance frequency regions. 
 
In response to electric permittivity, CSRR generates negative behaviour  [67]. The 
difference between SRR and CSRR is that CSRR does not have any metallic rings.  
However, SRRs show rather a magnetic response, even when it exhibits negative 
permeability with CSRRs. Here, the design specifications and parameters are kept 
unchanged, similar to Figure 4.1, only with the metallization rings removed, as shown 
Figure 4.3(a). The numerical results of the transmission and reflection of a single unit 
cell CSRR are shown in Figure 4.3(b).  
In SRR, the reflection and transmission coefficient do not exhibit the same resonance 
frequency; the resonance is shifted with respect to the original [68]. This is basically 
due to the anti-resonance of the capacitance of the metallic gap. On the other hand, in 
CSRR, the reflection and transmission coefficient exhibit the same resonance 
frequency and exhibit a stop-band or reject-band. Figure 4.4 shows that the real part 
of the dielectric constant become negative at the resonance frequency regions.      
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Figure 4.3 A single unit cell SRR with dimension: s = 0.2, r = 1.3, g = 0.2, w = 0.2, a 
= 5, b =9; m = 0.2, substrate Arlon (ɛr = 2.43), loss tangent tanδ = 0.002, conductor = 
0.0068, t = 0.49 mm. (b) The simulation results of transmission and reflection 
coefficient. (All dimensions are valid only in mm). 
 
 
Figure 4.4 The real and imaginary part of dielectric constant (ɛ) values at the resonance 
frequency. 
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4.2.1 Periodic SRR and CSRR in Microstrip Stop-Band Structure 
The microwave community has been investigating the unusual electromagnetic 
properties of dielectric permittivity and relative permeability which exhibit artificial 
characteristics. By the modification of Maxwell expression, the electromagnetic 
propagation can be changed from its original direction [69] - [70]. In order to 
investigate the resonant or anti-resonant phenomenon, periodic and aperiodic 
structures are analyzed in a specific frequency region. A single SRR unit cell is suitable 
for accurate effective parameters extraction, because the unit cell size represented as 
sub-lambda in size (one-tenth of the guided wavelength or less) [71]. However, it is a 
great challenge to handle longer lengths of material samples at higher frequencies. The 
periodic artificial structure of SRR unit-cells are etched on a slab of 35 mm, as shown 
Figure 4.5(a). The design specifications are selected as substrate Rogers R03010, ɛr = 
10.2, thickness h = 1.27 mm. The resonance frequency is selected as 7.85 GHz. The 
SRR geometry dimension parameters are s = w = g = 0.3 mm, r = 2.1 mm, the length 
of the slab is a = 35 mm and width b = 22.86 mm. The periodicity or the lattice constant 
of SRR is p = 7 mm. The conductor strip line of width 1.2 mm is etched on the bottom 
and impedances are optimized to match the 50 Ohm port feeding impedance. The 
design structure provides a sharp reject-band or stop-band around the design 
frequency, as shown in Figure 4.5 (b). The maximum rejection around 40 dB with a 
sharp cut-off resonance frequency is evident. Above and below the stop band, a 
passband with minimum insertion loss can be seen.    
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Figure 4.5 The periodic SRR model including four unit cells. The parameters geometry 
dimensions are: s = w= g = 0.3, r = 2.1, a = 35, b = 22.86, Substrate: Rogers, dielectric 
constant εr = 10.2, tanδ = 0.0023, conductor = 0.66, the periodicity or lattice constant 
p = 7. (b) The S-parameters of the periodic SRR model simulation results. (All 
parameters considered as in mm). 
 
The electromagnetic properties of permeability and permittivity usually vary within 
the medium of wave impedance Z. The surface-average tangential electric and 
magnetic fields ratio is determined using the surface impedance [47], [72]. In the 
homogeneous medium, the reflected wave scatters into the boundary, which acts as a 
plane wave incidence. If the material is an artificial structure, currents will be induced 
on the materials and will create a scattering field. As the resulting field current is not 
uniform; it produces a strong current around the rings. These can generally be specified 
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using the imaginary parts of the wave impedance. The wave impedance can be 
calculated by knowing the phase of the wave transmitted and reflected from the slab. 
Metamaterials are inhomogeneous in nature and shows periodicity. Therefore, keeping 
the wave propagation constant is very challenging. This is due to the wave impedance 
should satisfy R(z) ≥ 0. The wave impedance can be calculated using the following 
expression: 
  
Ζ = √
(1 + 𝑆11)2 − 𝑆21
2
(1 − 𝑆11)2 − 𝑆21
2   
 
(4.3) 
Figure 4.6 shows that the real part is remain zero except at the resonance frequency 
where a high peak is observed. The imaginary part of the wave impedance shows zero 
values over the entire the frequency except for resonant region, where it shows anti-
resonant behaviour. It confirms the structure becomes lossless and a magnetic 
metamaterial.     
 
 
Figure 4.6 The real and imaginary part of the medium wave impedance of the periodic 
sample. 
 
The periodic structure of scattering elements is expected to have a net polarization in 
response to applied electric field and therefore, electromagnetic parameters will be 
dispersive. Figure 4.7 plots the permittivity and permeability of the periodic SRR 
medium that covers the frequency range. Here, the permeability is resonant and 
permittivity shows anti-resonant characteristics in the reject-band frequency region. 
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The imaginary part of permeability and permittivity both become zero at higher 
frequencies, except in the resonant areas. The permeability and permittivity can be 
calculated and obtained from the extracted wave impedance and refractive index, 
respectively.   
 
 
Figure 4.7 The real and imaginary part of the electromagnetic composite material 
parameters (a) permittivity (ɛ) and (b) permeability (µ) in the reject or stop-band 
frequency region. 
 
According to the concept of duality [67], CSRR can replace the SRR structure and 
produce a resonance structure. The periodic CSRR structure exhibits negative effective 
dielectric constant where the dimensions are electrically small (generally one-tenth 
less than guided wavelength) at the resonance frequency. We have investigated the 
electromagnetic properties in the case of periodic or infinite unit cells with a fixed a 
boundary condition as shown in Figure 4.8 (a). The boundary condition is determined 
by propagating the wave incidence into the horizontal (y) axis the electric field is 
aligned with vertical (x) axis and the magnetic field is associated with longitudinal (z) 
 52 Design and Analysis of Periodic and Aperiodic Metamaterials 
axis. The structure is based on the stop-band structure. The design parameters are 
identical to those of the SRR, but with the conductor rings etched on the ground plane. 
The bottom layer is covered with the metallic conducting strips. The deep reject band 
appears around the resonance frequency, with sharp cut-offs shown Figure 4.8 (b). The 
maximum rejection of 73 dB and minimum return loss can be seen from the graph. 
Below the rejection band, a pass-band transmission is present with minimum insertion 
loss which appears with nearly linear phase variation.  
In Figure 4.9 (a) shows that the real part of permittivity becomes negative at the 
resonance. The advantage of this technique is that it can eliminate the noise and reduce 
the interference. The graph shows, below the reject band, the dielectric constant 
becomes positive and above the reject band, it becomes zero. Thus, the graph shows 
the anti-resonant behaviour whereas the permeability of Figure 4.9 (b) exhibits the 
resonance behaviour in the cut-off frequency 3.05 GHz region. Overall, the resonant 
permeability and negative permittivity confirms the metamaterial behaviour.  
 
 
Figure 4.8 The periodic CSRR model including four unit cells. The parameters 
geometry dimensions are: s = w= g = 0.3, r = 2.1, a = 35, b = 22.86, Substrate: Rogers, 
dielectric constant εr = 10.2, tanδ = 0.0023, conductor = 0.66, the periodicity or lattice 
constant p = 7. (b) The S-parameters of the periodic CSRR model simulation results. 
(All parameters considered as in mm). 
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Figure 4.9 The Real and imaginary part of (a) permittivity and (b) permeability values 
within the reject band.  
 
4.2.2 Aperiodic Composite Materials Structure 
The composite material of periodic lattice structure exhibits a deep rejection band. 
These are of great interest for developing new devices application. However, in 
practice, most infinite metallic lattice structure feature aperiodic unit cells. The 
aperiodic structure is of keen interest in microwave applications which behaves like a 
lattice [9],[73]. The aperiodic lattice composite material artificial structure can also be 
modified based on the design specification. The unit-cells are randomly positioned on 
Rogers, the lattice constant n1 to n2 is 7 mm, n2 to n3 is 6.7 mm, and n3 to n4 is 6.2 
mm), as shown in Figure 4.10 (a). The randomly positioned design structure is 
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allocated an electric boundary along with the vertical axis, magnetic boundary along 
with longitudinal axis, and an open boundary along with the horizontal axis. The 
geometry of the design structure is similar to those described in the previous section. 
The structure exhibits a sharp stop-band within the resonance 7.87 GHz frequency 
region, shown in Figure 4.10 (b). The results indicate the sharp band-stop with only 
the cut-off frequencies f1, f2 slightly shifted compared to SRR band-stop (Figure 4.5). 
Below and above reject-band, minimum insertion loss is evident. 
 
 
Figure 4.10 (a) The aperiodic SRR model randomized four unit cells. The parameters 
geometry dimensions are as same as the previous model. (b) The S-parameters of the 
periodic SRR model numerical experiment results. Substrate: Rogers, dielectric 
constant εr = 10.2, tanδ = 0.0023, conductor = 0.66. 
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In Figure 4.11 (a)-(b), the aperiodic composite material behaves very similarly to the 
periodic structure, with resonant and anti-resonant behaviour apparent. Figure 4.11 (a) 
is shown that the real part of permittivity displays an anti-resonant behaviour and 
imaginary part near with negative values in the cut-off frequency region. The real part 
of Figure 4.11 (b) exhibit that the resonant behaviour in the resonance frequency 
region, whereas the imaginary part has negative values in the cut-off region.              
              
 
Figure 4.11 The Real and imaginary part of the aperiodic sample (a) permittivity and 
(b) permeability values within 7 GHz to 8.5 GHz frequency region.  
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4.3 Capacitive Coupling Effects 
During the excitation of the artificial SRR structure, the magnetic field induces 
currents around the loop. As the two metallic conductor rings are rounded oppositely, 
the current also circulate and creates magnetic resonance. The inner and outer rings 
have different surface charge densities that results in different coupling capacitance 
effects [30]. In this section, the coupling capacitance effects of the adjacent SRR are 
investigated when it is aligned with identical and nonidentical orientation. It is 
observed that the adjacent SRR exhibits a strong coupling capacitance effects when it 
is in nonidentical orientation. Moreover, it also decreases the resonant frequency. The 
identical and nonidentical adjacent SRR is set up in the longitudinal direction, as 
shown in Figure 4.12. The design experiment electric field is aligned with the vertical 
direction, a magnetic field is with the longitudinal direction, and the wave propagating 
along with the horizontal axis. Further investigation of double SRR with the same loop 
direction (known as identical) and opposite loop direction (called non-identical) with 
different spacing (d) between the SRR is conducted. The unit cells distances are 
calculated center to center basis. An electric boundary is selected in the vertical 
direction, open or wave propagating boundary in the horizontal direction, and with a 
magnetic boundary aligned along the longitudinal direction.  
 
 
Figure 4.12 The adjacent SRRs unit cell in longitudinal direction (a) Identical structure 
(b) Non-identical structure 
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The transmission coefficient of identical adjacent SRR with different spacing’s (d = 
3~7 mm) structures are shown in Figure 4.13. With an identical orientation of the 
adjacent SRRs, the resonance frequencies are unchanged at 9.7 GHz, even width 
changes in the spacing from 3 mm to 7 mm. The different spacing (d) SRR changes 
the coupling capacitance between inner and outer rings of the structure and therefore, 
different power loss is observed. It shows almost similar resonance frequency even to 
change the dielectric slab distances (d) from 3 mm to 7 mm.  
 
 
Figure 4.13 The transmission coefficient of SRR in different spacing (d) with identical 
structure.  
 
The transmission coefficient of non-identical adjacent SRR with various spacing is 
shown in Figure 4.14. When the orientation of adjacent SRR as non-identical, the 
resonant frequencies decreases and the coupling capacitance increases. There is much 
stronger capacitive coupling that increases the total capacitance, which results in a 
reduction in the resonant frequencies. The graph shows that when the distances (d) 
increases (3 mm ~ 7 mm), the resonant frequencies will decrease.  
 58 Design and Analysis of Periodic and Aperiodic Metamaterials 
 
Figure 4.14 The transmission coefficient of SRR in different spacing (d) with non-
identical structure. 
 
4.4 Conclusion 
Overall, this chapter covers the properties of electromagnetic structures in relation to 
different design and shape. Initially, a single unit cell split ring resonator and 
complementary split ring resonator were obtained. Its constitutive electromagnetic 
parameters were extracted. Then, a periodic SRR and CSRR were considered. They 
displayed a high reject or stop band. In both cases, it exhibits a resonant and anti-
resonant behaviour for permittivity and permeability. It shows not only periodic but 
also aperiodic orientation produces a strong lattice structure.  
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Chapter 5 
The Sensitivity of Dielectric Thickness and 
its Constitutive Parameter Analysis 
5.1 Overview of Thin and Thick Dielectric Slab Extraction 
Accurate calculation of the value of dielectric constant from the scattering parameters 
of an inhomogeneous slab is challenging, as the results is sensitive to the length of the 
sample. There are several retrieval techniques available in literature [36], [74], [75]. 
However, they all suffer inaccuracy under certain conditions. The results display 
ambiguity when the unit-cell size is larger than a wavelength > λ/4). Several retrieval 
techniques attempt to reduce the inaccuracy, such as seeking the correct branch 
(frequency point) index, direct calculation of reflection coefficient without branch 
seeking and using the phase difference between current and preceding frequency 
measurement points. Parameters for a thin and thick material slab are extracted and the 
constitutive parameters are compared to verify the validity.  
 
This chapter briefly describes the several techniques for extraction of the constitutive 
electromagnetic parameters, dielectric permittivity and magnetic permeability. The 
Nicholson-Weir technique was found to be best suited extraction suitable only for thin 
slab. The modified Nicholson-Ross-Weir technique display the initial branch index (m 
= 0) automatically. Kramers-Kronig extraction uses imaginary part of refractive index 
and produce an integral of principle value (p) which gives a correct branch of index. 
We overcome the limitation of the conventional modified Nicholson-Ross-Weir 
technique, by including a verification of branch for each frequency measurement point 
for avoiding ambiguity even the sample material thickness is large. This improves the 
accuracy of both refractive index and impedance. The updated technique is verified 
using different design experiments to evaluate its performance.   
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5.2 Extraction of Normal Thin Dielectric Slab 
The extracted dielectric permittivity and magnetic permeability of the examined 
materials are investigated both in real and imaginary parts by utilizing the 
electromagnetic wave transmission response. During the penetration of the external 
field, the electric and magnetic flux density appears due to polarization effects [76] -
[77]. Therefore, it is important to rectify the value of dielectric permittivity and 
permeability. To determine the proper dielectric parameters, a thin (short-length) 
homogeneous material was selected. In practice, thin homogenous materials provide 
correct results for dielectric constant in both real and imaginary parts. If the slab is 
longer than a wavelength, accuracy suffers because the phase of the electromagnetic 
wave is periodic which causes ambiguity. Figures 5.1 (a)-(b) shows a thin length of 
Teflon material with the free space on either side of the sample inside a waveguide. 
The scattering parameters are de-embedded to the sample interfaces. An electric 
boundary is placed along the vertical axis; an open boundary is aligned with the 
horizontal direction and magnetic boundaries placed along the longitudinal direction. 
The modified Nicholson-Ross-Weir extraction technique is used to calculate dielectric 
permittivity and magnetic permeability.  
 
 
Figure 5.1 Thin dielectric (Teflon) samples: (a) 0.8 mm and, (b) 10 mm attached to the 
free air in waveguide port. The de-embedded reference plane distance between 
waveguide port and Teflon is 25 mm each side accordingly. 
 
For further investigation, two thin samples of Teflon (t = 0.8 mm and 10 mm) are 
placed between two waveguide ports, 25 mm from the sample to calculate the 
dielectric constant ɛr (ideally 2.2) and permeability µr (ideally 1). The experiment 
results of transmission and reflection coefficient, (S11, S21) in dB and their respective 
phase angles are presented in Figures 5.2 (a)-(d). A comparison of the results for 
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samples of thickness, t = 0.8 mm and 10 mm slab shows that both have near 0 dB 
transmission as shown in Figures 5.2 (a)-(b), while the reflection coefficient varies 
between 20 to 80 dB. The only difference between the results for the two thin slabs is 
that the t = 0.8 mm slab, has an almost constant in phase shift in Figure 5.2 (c), while 
for the t = 10 mm slab, the phase varies significantly as shown Figure 5.2 (d). 
Therefore, it is a challenge to retrieve the proper constitutive parameters for the longer 
slab length (10 mm). We applied the modified Nicholson-Ross-Weir technique to 
retrieve the constitutive parameters obtained from the phase factor (eγd) and impedance 
(z). The extraction parameters of real and imaginary parts of dielectric constants and 
permeability are shown in Figure 5.3 (a)-(b) for t = 0.8 mm and in Figure 5.4 (a)-(b) 
for t = 10 mm slab, respectively. However, the constitutive parameters of real part 
permeability (ɛ = 2.2) and permittivity (µ = 1) values are shown to be identical same 
in both cases, even if we change the thickness of the slab. The imaginary parts are zero 
or near to zero due to the lossless nature of the structure.     
 
 
Figure 5.2 (a)-(b) the scattering parameters of transmission and reflection 
coefficients (t = 0.8 mm, and t = 10 mm). (c)-(d) Phase shift analysis for changing 
different thickness (t = 0.8 mm, and t = 10 mm).  
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Figure 5.3 The real (a) and imaginary (b) part of the dielectric constant parameters 
only for the 0.8 mm thin slab. 
 
 
Figure 5.4 The real (a) and imaginary (b) part of the dielectric constant parameters 
only for the 10 mm thin slab. 
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5.3 Extraction of Thick Dielectric Slab 
The accuracy of dielectric constants depends on the transmission coefficient and phase 
constant for all the materials. The extended dielectric slab should have the appropriate 
electric and magnetic boundary conditions [74] - [16]. To investigate the thick 
dielectric slab, a sample of Drude material is used, since the material parameters of a 
Drude model are known and can be predefined. In this case, a 50-mm thick Drude 
model material slab attached with the free air space waveguide port. The distance 
between slab and waveguide ports is used to described the scattering parameters, 
which is 12 mm, corresponding to the size of the air gap as shown in Figure 5.5. The 
electric field is aligned along the vertical axis (y), an open boundary placed along with 
the horizontal direction (x), and the magnetic boundary along the longitudinal axis (z). 
These boundaries are suitable for metamaterial loaded waveguide and allows 
propagation through the sample to determine the scattering characteristics. To ensure 
accuracy, a precise mesh cell is established, and a frequency domain solver was used. 
Numerical results for transmission and reflection coefficient are shown in Figure 5.6 
(a). Figure 5.6 (b) illustrates how the real part of the dielectric constant is oscillating 
in several frequency points, and does not produce correct results. The reason for this 
is the improper log-count (an incorrect logarithmic expression which produces 
ambiguity), and therefore, the results are ambiguous. In order to resolve the error, 
several retrieval techniques are applied in the next section. It is essential to determine 
the proper branch index for correct numerical results to overcome the discontinuity of 
the parameters. The imaginary part exhibits near zero results, showing that the 
structure becomes lossless over the entire frequency range.  
 
 
Figure 5.5 The thick 50 mm Drude material slab attached with the free air connect to 
the waveguide port.  
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Figure 5.6 (a) The transmission and reflection coefficient of 50 mm Drude material 
thick slab. (b) The real and imaginary part of the dielectric constant over frequency. 
 
5.4 Constitutive Parameters Retrieval Procedure 
The extraction of electromagnetic material parameters of relative dielectric 
permittivity (ɛr) and permeability (µr) from scattering parameters is a great challenge. 
The real part of the dielectric permittivity is an indication of the total amount of electric 
energy stored in the materials in response to an external field [23]. The imaginary part 
of zero indicates that material is lossless, and further measures the amount of energy 
absorbed from an external electric field. The constitutive parameters are only 
consistent when the slab thickness is sub-wavelength. However, the complex phase 
factor generating multiple branches produces ambiguity when calculating the 
dielectric permittivity and permeability. In this section, several techniques are used to 
determine the complex dielectric permittivity and permeability.  
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5.4.1 NRW Extraction Techniques 
Efficient extraction of constitutive parameters, relative permeability and dielectric 
permittivity, of wideband materials are of great interest in modern applications. The 
Nicholson-Ross-Weir (NWR) technique is a classical technique and suitable for thin 
slabs (one-half wavelength sample). the transverse electromagnetic (TEM) 
transmission lines are positioned on the air (0, 0) - sample - (r, r) - air (0, 0) format 
where r = real and a slab is further placed inside a waveguide with an angular centre 
frequency of ωc. Figure 5.7 shows the electric and magnetic field intensities in the 
forward and backward wave propagation into three regions. Here, region 1 and region 
3 are free space permittivity and permeability (ɛ0, µ0) and wave number and impedance 
(k0, η0). Region 2 is the homogeneous material including the relative permeability and 
permittivity (ɛr, µr), k2z (z axis wave number in region 2) with thickness t. The 
arrangement of each region can be determined as [36], [78]: 
 
Region 1: 
𝐸1̅̅ ̅ = ?̂?𝐸𝑖0𝑒
−𝑗𝑘0𝑧 + ?̂?𝐸𝑟0𝑒
𝑗𝑘0𝑧 
 
 
𝐻1̅̅̅̅ = ?̂?
𝐸𝑖0
𝜂0
𝑒𝑗𝑘0𝑧 − ?̂?
𝐸𝑟0
𝜂0
𝑒𝑗𝑘0𝑧 (5.1) 
where k0 = ω0√ɛ0µ0η0, η0 = √ɛ0/µ0 
Region 2: 
𝐸2̅̅ ̅ = ?̂?𝐸2
+𝑒−𝑗𝑘2𝑧 + ?̂?𝐸2
−𝑒𝑗𝑘2𝑧 
 
 
𝐻2̅̅̅̅ = ?̂?
𝐸2
+
𝜂2
𝑒−𝑗𝑘2𝑧 − ?̂?
𝐸2
−
𝜂2
𝑒𝑗𝑘2𝑧 
 
(5.2) 
where 𝑘2=𝜔√𝜀2𝜇2 = 𝜔√𝜀0𝜀𝑟𝜇0𝜇𝑟 = 𝑘0√𝜀𝑟𝜇𝑟 , 𝜂2 = √𝜀0𝜀𝑟/𝜇0𝜇𝑟 = 𝜂0√𝜀𝑟/𝜇𝑟 
Region 3: 
𝐸3̅̅ ̅ = ?̂?𝐸3𝑒
−𝑗𝑘0𝑧 
 
 
𝐻3̅̅̅̅ = ?̂?
𝐸3
𝜂0
𝑒−𝑗𝑘0𝑧  (5.3) 
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Figure 5.7. Electromagnetic field distributions in multiple dielectric materials for 
electric and magnetic boundary condition.  
 
The above expression should provide continuity at two interfaces when z = 0 and z = 
t. The waveguide ports are placed at a distance from the sample to the transmitted and 
reflected waves passing through the sample. The interior region is totally filled with 
the homogeneous material. The reflection and transmission coefficient that can be 
determined as [9].  
  
𝑆11 = Γ
1 − 𝑇2
1 − Γ2𝑇2
, 𝑆21 = 𝑇
1 − Γ2
1 − Γ2𝑇2
 
(5.4) 
Here, Γ is the reflection coefficient of the TE10 mode, and T is the transmission power 
coefficient. The scattering parameters S11 and S21 are directly obtained from a vector 
network analyzer. The dielectric slab’s reflection coefficient is determined as  
Γ = 𝜒 ± √𝜒2 − 1      (5.5) 
  
Here χ is the electric susceptibility, when |Γ1| < 1, it is required to determine the 
appropriate root in terms of scattering parameters. Then, the electric susceptibility can 
be written as: 
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𝜒 =
𝑆11
2 − 𝑆21
2 + 1
2𝑆11
 
(5.6) 
By utilizing the scattering parameters of transmission and reflection coefficient, it 
defines as a phase factor: 
  
𝑒−𝛾𝑑 =
𝑆11 + 𝑆21 − Γ
1 − (𝑆11 + 𝑆21)Γ
 
(5.7) 
where, 𝛾 = 𝑗𝜔√𝜇0𝜀0√𝑛2 − (𝜔𝑐/𝜔)2, c , ω is the angular frequency, and ωc 
is the angular cut-off frequency of the transmission line. The scattering parameters of 
S11 and S21 are calculated by performing the phase correction. We can then calculate 
the relative constitutive parameters as follows:  
  
𝑛2 = 𝜀𝑟𝜇𝑟 = −[
𝑐
𝜔𝑑
𝑙𝑛(𝑒𝛾𝑑)]
2
+ (
𝜔𝑐
𝜔
)
2
 
 
  (5.8) 
  
𝜇𝑟 =
1 + Γ
1 − Γ
√
𝑛2 − (𝜔𝑐 𝜔⁄ )2
1 − (𝜔𝑐 𝜔⁄ )2
 
 
(5.9) 
  
𝜀𝑟  =  n /𝜇𝑟 (5.10) 
 
5.4.2 Modified NRW Extraction Techniques 
The isotropic homogeneous dielectric slab in the rectangular waveguide is a most 
common way to retrieve electromagnetic parameters. The Nicholson-Ross-Weir 
technique, and other techniques, are all dependent on the thickness of the material 
sample. [19], [79]. However, the modified classical NRW technique measures and 
individually checks the phase at frequency points rather than using phase delay. It is a 
compatible and flexible technique to use the preceding frequency point instead of the 
branch seeking refractive index techniques. However, it also exhibits ambiguity errors 
due to the phase variations. It does not repeatedly change the index when the dielectrics 
length is increasing multiple wavelengths. If the wrapped phase exceeds 2π, then ϕactual 
= ϕmeasured + 2mπ, here m is some integer and the branch number m = 0, 1, 2.  It depends 
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on the material’s complex impedance η, and complex propagation constant γ = α + jβ, 
and relation with the phase factor where the materials slab propagates infinite number 
of roots 𝑒−𝛾𝑑 = 𝑒−𝛼𝑑𝑒−𝑗(𝛽𝑑+2𝑚𝜋). Here, α and β are the attenuation constant and 
propagation constant. This technique determines the correct root (phase factor point) 
and branch initialization of the sample. To eliminate the ambiguity, a weak dispersive 
medium is assumed where the phase velocity (vp = ω/β) does not vary with frequency 
and the group velocity (vg = dω/dβ) varies with frequency. The numerical calculation 
of phase delay at each point of frequency, τp = d × β/ω, where d is the sample thickness 
and the phase velocity of each frequency point is compared with the group delay, τg = 
- dϕmeasured/dω. Therefore, the real propagation factor β determines the minimum ratio 
of the phase delay and group delay of the sample. To verify the mathematical 
expression of the phase factor obtained from (5.7) and (5.8), it modifies the following 
expression [19]: 
  
𝑒𝛾𝑑 = 𝑒𝑗𝜔√𝜇0𝜀0√𝑛2 − (𝜔𝑐/𝜔)2 = 𝑒
𝛼𝑑𝑒𝑗(𝛽+2𝜋𝑚) = A𝑒𝑗𝜙 
 
(5.11) 
where A define as phase factor. We can modify the conventional exponential equation 
appearing (5.8) in a diverse way: 
  
𝑙𝑛(𝑒𝛾𝑑) = 𝑙𝑛(|𝑒𝛾𝑑|) + 𝑗𝑎𝑟𝑔(𝑒𝛾𝑑) 
 
(5.12) 
Considering the discrete frequency points (ω0, ω1, ω2 .. ωN) are set respect to the phase 
factor data point (γ0, γ1, γ2, … γN) at which the combination of the transmission and 
reflection achieved from the material sample. Now, if we consider the preliminary 
phase measurement point (ϕ0, ϕ1, ϕ2, ϕN) at the specific frequency point N, the 
following expression can be written as 
  
𝜙𝑁 = 𝜙0 + ∑𝑎𝑟𝑔
𝑁
𝑖=1
(
𝑒𝛾𝑖𝑑
𝑒𝛾𝑖−1𝑑
) 
 
(5.13) 
The refractive index n at the specific discrete frequency point can be written as 
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√(𝑛𝑁)2 − (𝜔𝑐/𝜔𝑁)2 =
1
𝑘𝑑
[−𝑗𝑙𝑛(|𝑒𝛾𝑁𝑑|)] + 𝜙0 + ∑𝑎𝑟𝑔(
𝑒𝛾𝑖𝑑
𝑒𝛾𝑖−𝑑
)
𝑁
𝑖=1
 
 
(5.14) 
It is more convenient to obtain permeability through the relative wave impedance 
because increasing the impedance gives positive amplitude that can be realized to 
avoid the ambiguity of expression (5.6). It is also can be equivalent to the wave 
impedance R(z) ≥ 0. 
  
z = √
(1 + 𝑆11)2 − 𝑆21
2
(1 − 𝑆11)2 − 𝑆21
2 ,      𝜇𝑟 = 𝑧√
𝑛2 − (𝜔𝑐/𝜔)2
1 − (𝜔𝑐/𝜔)2
 
 
(5.15) 
By considering the phase factor, ambiguity may overcome by using the exponential 
terms and the wave impedance parameters by replacing the quantity Γ, which can be 
written as: 
  
𝑒𝛾𝑑 =
1 − 𝑆11
2 + 𝑆21
2
2𝑆21
+
2𝑆11
(𝑧 −
1
𝑧
) 𝑆21
 
(5.16) 
The advantage of this technique is to provide an accurate result without branch 
selection unless the measured frequency point range is Δϕ = ϕi – ϕi-1< π.  
 
 
 
 
5.4.3 Kramers-Kronig Extraction Techniques 
The Kramers-Kronig relation is a well-known technique for highly dispersive media. 
This technique is widely used for investigation of the complex dielectric permittivity 
of nonmagnetic materials [23], [75]. It is also used for calculation of the refractive 
wave index for a variety of materials. At present, the Kramers-Kronig refractive wave 
index is successful in extracting the correct index branch in metamaterials applications 
[80]-[81]. The major advantage of the Kramers-Kronig over other extraction 
techniques [82], [20] is that it can be applied without considering the branches of the 
logarithmic function.  
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As explained in the Section 5.4.2, the constitutive parameters can be computed 
directly.  The values can be extracted from the scattering parameters and can be 
calculated from the plane wave impedance using the proper dielectric thickness d. In 
order to obtain the transmission and reflection coefficients, the slab should be at a 
minimum distance from the interface to the waveguide reference plane. The phase 
delay can be minimized by determining the correct phase factors. The reflection 
coefficient can be written as: 
𝛤01 = 
(𝑍−1)
(𝑍+1)
 (5.17)  
Here, z is the complex wave impedance of the sample. Then, we can obtain the 
scattering parameters as follows: 
𝑆11 =
Γ01(1 − 𝑒
𝑖2𝑛𝐾𝑑)
1 − Γ01
2 𝑒𝑖2𝑛𝐾𝑑
 
(5.18)  
 
𝑆21 =
(1 − Γ01
2 )𝑒𝑖𝑛𝐾𝑑
1 − Γ01
2 𝑒𝑖2𝑛𝐾𝑑
 
(5.19)  
The wave impedance and the phase factor becomes 
𝑧 =  ±√
(1+𝑆11)
2−𝑆21
2
(1−𝑆11)
2−𝑆21
2     and 𝑒
𝑖𝑛𝐾𝑑 =
𝑆21
1−𝑆11Γ01
 
(5.20)  
The complex refractive index can be written as 
𝑁(𝜔) = 𝑛(𝜔) + 𝑖𝑘(𝜔) (5.21)  
where n(ω) is a real part of the refractive index. The complex refractive index can be 
written as 
𝑁 =
1
𝐾𝑑
{𝐼𝑚 [𝑙𝑛(𝑒𝑖𝑁𝐾𝑑) + 2𝑚𝜋 − 𝑖𝑅𝑒[𝑙𝑛(𝑒𝑖𝑁𝐾𝑑)]]} 
(5.22)  
where m is an integer for the branch index. Now, if we discrete the above expression, 
the refractive index and the extinction coefficient becomes 
𝑛𝑒𝑓𝑓 =
𝐼𝑚[𝑙𝑛(𝑒𝑖𝑁𝐾𝑑)]
𝐾𝑑
+
2𝑚𝜋
𝐾𝑑
 
𝑛𝑒𝑓𝑓 = 𝑛𝑒𝑓𝑓
0 +
2𝑚𝜋
𝐾𝑑
 
 
(5.23)  
and, 
𝑘𝑒𝑓𝑓 =
−𝑅𝑒[𝑙𝑛(𝑒𝑖𝑁𝐾𝑑)]
𝐾𝑑
 
(5.24)  
Here, 𝑛𝑒𝑓𝑓
0 is the initial refractive index corresponding to the principle branch which 
was obtained from the logarithmic function. Kramers-Kronig extraction technique 
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select the imaginary part of the index, where the imaginary part does not affect the 
logarithmic function. Therefore, it can be calculated from (5.24) to minimize the 
ambiguity. By applying the Kramers-Kronig relationship, the imaginary part can be 
obtained as 
𝑛𝐾𝐾(𝜔´) = 1 +
2
𝜋
𝜌∫
𝜔𝑘𝑒𝑓𝑓(𝜔)
𝜔2 − 𝜔´
2 𝑑𝜔
∞
0
 
(5.25)  
Here, ρ exhibits improper integral of the principle value [23] with limits between 0 and 
infinity. Since the scattering parameters can only be obtained for a limited range of 
frequencies, the integration must be truncated. Ideally, integration should be carried 
out over the entire frequency range. It may produce unexpected results depending on 
the waveguide length and the sample slab thickness. To avoid the singularity in the 
integrand, a trapezoidal rule of integration (5.25) is used to obtain  
𝜓𝑖,𝑗 =
𝜔𝑗𝑘𝑒𝑓𝑓(𝜔𝑗)
𝜔𝑗
2 − 𝜔𝑖
2 +
𝜔𝑗+1 + 𝑘𝑒𝑓𝑓(𝜔𝑗 + 1)
𝜔𝑗+1
2 − 𝜔𝑖
2 ,    𝑛
𝑘𝑘(𝜔𝑖)
= 1 +
Δ𝜔
𝜋
(∑𝜓𝑖,𝑗
𝑖−2
𝑗=1
+ ∑ 𝜓𝑖,𝑗
𝑁−1
𝑗=𝑖+1
) 
 
(5.26)  
By substituting the refractive index  into (5.23), the branch number m can be expressed 
as [23] 
𝑚 = 𝑅𝑜𝑢𝑛𝑑 [(𝑛𝐾𝐾 − 𝑛𝑒𝑓𝑓
0 )
𝑘0𝑑𝑒𝑓𝑓
2𝜋
] 
(5.27)  
Where the function Round ( ) uses the nearest integer. Therefore, the refractive index 
can be calculated using the nearest value of the Kramers-Kronig relation for the 
imaginary part. The refractive index is calculated by substituting the branch index m 
into expressions from (5.22) to (5.26) and in this way, it checks the continuity of the 
refractive index. We are faced with a truncation error and singularity problem. 
However, it is observed that the discontinuity is far away from the limits when the 
frequency interval is increased. Recovery of the truncation error and singularity 
problem is discussed in Section 5.5.2.   
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5.4.4 Chen Extraction Techniques 
Chen extraction technique is well known and widely used for extracting constitutive 
property parameters of any materials.  This retrieval technique identifies the correct 
value of impedance. The scattering parameters can be written as the term refractive 
index n, and impedance z: 
𝑆11 =
𝑅01(1 − 𝑒
𝑖2𝑛𝑘0𝑑)
1 − 𝑅01
2 𝑒𝑖2𝑛𝑘0𝑑
, 𝑆21 =
(1 − 𝑅01
2 )𝑒𝑖2𝑛𝑘0𝑑
1 − 𝑅01
2 𝑒𝑖2𝑛𝑘0𝑑
 
(5.28)  
here,  
𝑒𝑖2𝑛𝑘0𝑑 = 𝑋 ± 𝑖√1 − 𝑋2,  𝑋 =
1
2𝑆11(1 − 𝑆11
2 + 𝑆21
2 )
 𝑎𝑛𝑑 𝑅01 =
𝑍 − 1
𝑍 + 1
 
(5.29)  
 
Now if we invert expression (5.28) and apply it for the wave impedance then 
𝑍 = ±√
(1 + 𝑆11)2 − 𝑆21
2
(1 − 𝑆11)2 − 𝑆21
2  
 
(5.30)  
The wave impedance becomes complex, and based on [83], the refractive index is also 
a complex variable. Therefore, by considering the normalized case Z´ (real part 
impedance) ≥ 0, and n´´ (imag part refractive index) ≥ 0, the refractive index can be 
written as: 
𝑛 =
1
𝑘0𝑑
{[[ln (𝑒𝑖𝑛𝑘0𝑑)]
´´
+ 2𝑚𝜋] − 𝑖[𝑙𝑛(𝑒𝑖𝑛𝑘0𝑑)]
´
} 
(5.31)  
The effective permeability and permittivity can be written as: 
𝜇 = 𝑛𝑍 and 𝜀 = 𝑛 𝑍⁄  (5.32)  
The above expressions satisfy the constraint that the imaginary part must be greater 
than zero, as the dissipation factor must be positive and the Lorentz model does not 
permit the imaginary parts to be negative for a passive medium. Therefore, in the 
inequality case, the following expression can be written as: 
|𝑛´𝑧´´| ≤ 𝑛´´𝑧´ (5.33)  
 
The inequality of expression (5.33) determines several branches of index m. Here, the 
real and imaginary parts of impedances are (z' and z''). At the initial frequency f0, the 
values of the refractive index are determined as 
𝑒𝑖𝑛
(𝑓1)𝑘0(𝑓1)𝑑≈𝑒
𝑖𝑛(𝑓0)𝑘0(𝑓0)𝑑(1+Δ+
1
2
Δ2)
 
(5.34)  
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Here n(f0) and n(f1) determines the initial and next frequency index point, and ∆ = 
in(f1)k0(f1)d - in(f0)k0(f0)d, and k0(f0) specifies the wave number in free space at the 
resonance frequency f0. The branch of n´ at the preliminary frequency point is 
determined as 
𝜇´´ = 𝑛´𝑧´´ + 𝑛´´𝑧´ 𝑎𝑛𝑑 𝜀 ´´ =
1
|𝑧|2
(−𝑛´𝑧´´ + 𝑛´´𝑧´) 
(5.35)  
Based on the imaginary part of ɛ´´ and µ´´, where the requirement of ɛ´´ ≥ 0 and µ´´ ≥ 
0 that leads to expression (5.33). 
 
5.5 Limitations of Extraction Techniques  
5.5.1 Challenges of Chen Extraction and Possible Solutions 
According to Wang et al. [79], the branch index inequality expression (5.33) is 
specified in several possible ways for integration. For instance, there are three 
conditions which satisfy the inequality, i. when there is only one integer value, ii. when 
there are multiple integer values, and iii. absence of integer values. A single integer 
value uniquely determines the branch index m. For multiple integer values, the iterative 
expression of expression (5.34) can calculate the refractive index and satisfy all the 
integer values [79]. The integer values of entire frequencies are chosen from refractive 
index branch which satisfies the expression (5.33).  The integer values can be ignored 
in a case when the material property remains within the attenuation band. In practice, 
the imaginary parts of the permeability and permittivity are near to zero for lossless 
materials. However, at the same time, the inequality of expression (5.33) is valid for 
metamaterials. The scattering parameters data are distorted in a specific frequency 
range, where the branch index m cannot be determined as an inequality expression 
(5.33). In some specific frequency regions, the numerical retrieval may fail when f(m) 
≤ 0 and cannot be satisfied in some specific region due to ambiguity associated with 
multiple branch indices. To overcome the ambiguity error, the expression (5.33) of 
inequality can be rewritten as:  
𝑓(𝑚) = |𝑛´𝑧´´| − 𝑛´´𝑧´ ≤ 0 (5.36)  
It is a challenge to control both (< and =) conditions of the index branch as the 
imaginary parts become zero, and the constraint f(m) ≤ 0 where f(m) is near to zero. 
The expression is changed by substituting (5.30) and (5.31) into (5.36): 
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𝑓(𝑚) = |
2𝜋𝑧´´
𝑘0𝑑
𝑚 +
𝑧´´
𝑘0𝑑
[ln (𝑒𝑖𝑛𝑘0𝑑)]
´´
| +
𝑧´
𝑘0𝑑
[ln (𝑒𝑖𝑛𝑘0𝑑)]
´
= |𝐴𝑚 + 𝐵| + 𝐶 
 
(5.37)  
𝑤ℎ𝑒𝑟𝑒, 𝐴 =
2𝜋𝑧´´
𝑘0𝑑
, 𝐵 =
𝑧´´
𝑘0𝑑
[ln (𝑒𝑖𝑛𝑘0𝑑)]´´, and C =
𝑧´
𝑘0𝑑
[ln (𝑒𝑖𝑛𝑘0𝑑)]´  
 
The terms of A, B, C in expression (5.37) are independent of m, and therefore m should 
be an integer and positioned near to –B/A. If we apply this to the phase factor, then it 
can be rewritten as: 
−
𝐵
𝐴
=
[ln(𝑒𝑖𝑛𝑘0𝑑)]´´
2𝜋
=
1
2𝜋
[(
𝑆21
1 − 𝑆11
𝑧−1
𝑧+1
)]
´´
 
(5.38)  
 
By using the Round (.) function it is possible to optimize the closest integer value using 
the following expressions: 
𝑚 = 𝑅𝑜𝑢𝑛𝑑 {−
1
2𝜋
[𝑙𝑛 (
𝑆21
1 − 𝑆11
𝑧−1
𝑧+1
)]
´´
} 
(5.39)  
Figure 5.8 shows the effective constitutive effective parameters as well as the valid 
resonance band for the metamaterial structure. It shows the valid integer values for the 
entire frequency region without any ambiguity.   
 
Figure 5.8. The real part of permittivity and permeability obtaining from the wang 
extraction technique [79]. 
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5.5.2 Kramers-Kronig Extraction Major Derivation and Expression 
The Kramers-Kronig expression is a complex wave form that consists of the real and 
imaginary part. The transmission data (S21) determines the wrapped phase wrapping 
that mostly exceeds 2π, where ϕactual =ϕmeasured+2mπ, m is the positive integer value. 
The higher frequencies, it can exhibit ambiguity or phase errors. To eliminate the 
ambiguity, the technique uses the imaginary part of the index. In this case, we extracted 
scattering parameters from the design structure to determine the wave impedance and 
refractive index. From expressions (5.30) – (5.31), the phase factor can be written as 
𝑒𝑖𝑁𝐾𝑑 =
𝑆21
1−𝑆11Γ01
                  (5.40) 
Now, the complex refractive index can be written as 
𝑁(𝜔) = 𝑛(𝜔) + 𝑖𝑘(𝜔)                 (5.41) 
Here, n(ω) is the real and k(ω) is imaginary value. By imposing that wave impedance 
should satisfy Re (z) ≥ 0, and, |eiNKd| ≤ 1, the complex refractive index can be written 
as 
𝑁 =
1
𝐾𝑑
{𝐼𝑚 [𝑙𝑛(𝑒𝑖𝑁𝐾𝑑) + 2𝑚𝜋 − 𝑖𝑅𝑒[𝑙𝑛(𝑒𝑖𝑁𝐾𝑑)]]}   (5.42) 
where m is an integer for the branch index. If we discretize the above expression, the 
refractive index and the extinction coefficient becomes 
𝑛𝑒𝑓𝑓 =
𝐼𝑚[𝑙𝑛(𝑒𝑖𝑁𝐾𝑑)]
𝐾𝑑
+
2𝑚𝜋
𝐾𝑑
 and 𝑘𝑒𝑓𝑓 =
−𝑅𝑒[𝑙𝑛(𝑒𝑖𝑁𝐾𝑑)]
𝐾𝑑
   (5.43) 
By applying the Kramers-Kronig relationship, the imaginary part can be obtained as  
𝑛𝐾𝐾(𝜔´) = 1 +
2
𝜋
𝜌 ∫
𝜔𝑘𝑒𝑓𝑓(𝜔)
𝜔2−𝜔´
2 𝑑𝜔
∞
0
      (5.44) 
Here, ρ exhibits improper integral of the principle value. 
Finally, The Kramers-Kronig relation leads to the following expression 
𝑛𝑘𝑘(𝜔) = 1 +
∆𝜔
𝜋
(∑
𝜔𝑗𝑘𝑒𝑓𝑓(𝜔𝑗)
𝜔𝑗
2−𝜔𝑖
2 +
𝑖−2
𝑗=1 ∑
𝜔𝑗+1𝑘𝑒𝑓𝑓(𝜔𝑗+1)
𝜔𝑗+1
2 −𝜔𝑖
2
𝑁−1
𝑗=𝑖+1 )       (5.45) 
 
5.5.3 The Improvement of Cauchy Integration Applying Kramers-Kronig 
Relations 
Cauchy integral is a complex analysis function which determines the contour integral 
along the contour variable including the focal point. The advantage of Cauchy 
integral is to use as an infinitesimal counter clockwise circle where the path is on the 
arbitrary loop. The forward and backward path may change the directions and 
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proceed to the next round without any direct truncation. At present researchers are 
using Cauchy integral in several aspects. For instance, Fano [84] obtained a general 
relation of a real and imaginary part of the magnetic susceptibility function in the 
Laplace domain using Cauchy integration. Tanner presented Kramers-Kronig 
analysis to determine the reflectance properties using Cauchy integration [85]. 
Rosenheimer [86] presented Reyleigh approach using Cauchy integral for extracting 
optical regime aerosol particles. Szabo [23] presents Kramaers-Kronig relation using 
trapezoidal integration to avoid the singularity. However, the drawback of the 
trapezoidal integration is truncation of the infinite integral, which may resulted in 
errors. We use Cauchy residue integral instead of trapezoidal integration. The 
Cauchy integral expression can be dealt with a straightforward manner. In some 
cases, it requires dealing with singularities where this integral uses contour integrals 
of a complex value function with a pole enclosed with a circle. The Cauchy residue 
integral differs from the conventional one [23] and does not require any additional 
steps to optimize the correct branch.  
 
5.5.3.1 Kramers-Kronig Relation Algorithm Step by Step Formulas: 
 
The material parameter extraction the dielectric slab is obtained from scattering 
transmission (S21) and reflection coefficients (S11), the electric susceptibility wave 
number can be written as: 
𝐾 =
𝑆11
2 − 𝑆21
2 + 1
2𝑆11
 
(5.46) 
The scattering parameters are directly obtained from a vector network analyzer. The 
dielectric slab’s reflection coefficient is determined as: 
Γ10 = 𝐾 ± √𝐾2 − 1 
(5.47) 
Here, Γ10 is the reflection coefficient of the TE10 mode. By obtaining Γ, we can write 
the scattering parameters: 
𝑆11 = Γ
1 − 𝑇2
1 − Γ2𝑇2
, 𝑆21 = 𝑇
1 − Γ2
1 − Γ2𝑇2
 
(5.48) 
here, T is the transmission power coefficient; S11 and S21 are the scattering parameters. 
By utilizing the scattering parameters of the transmission and reflection power 
coefficient, the phase factor and the wave impedance of the dielectric slab are obtained: 
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 𝑒−𝛾𝑑 =
𝑆11+𝑆21−Γ
1−(𝑆11+𝑆21)Γ
 and  𝑧𝑒𝑓𝑓 = √
(1+𝑆11)
2−𝑆21
2
(1−𝑆11)
2−𝑆21
2  
(5.49) 
The ambiguity can be overcome by obtaining the scattering parameters and the wave 
impedance directly without applying the quantity of Γ:  
𝑒𝛾𝑑 =
1 − 𝑆11
2 + 𝑆21
2
2𝑆21
+
2𝑆11
(𝑧𝑒𝑓𝑓 −
1
𝑧𝑒𝑓𝑓
) 𝑆21
 
(5.50) 
where γ determines the propagation factor which can reform γ = α + jβ. The 
wavenumber β represents phase constant and α the attenuation constant. The complex 
refractive index can be separated by imposing the phase factor manipulation. The 
complex refractive index can be written as 
𝑛𝑒𝑓𝑓 = 
1
𝑘𝑑
𝑖𝑚𝑎𝑔(𝑒𝛾𝑑) + 2𝑚𝜋 and 𝐾𝑒𝑓𝑓 = −𝑅𝑒(𝑒
𝛾𝑑)                   (5.51) 
where m is an integer phase log count index which denotes several branches (m = -1 
to +1). The Kramers-Kronig relation expression is written from obtaining the 
imaginary part of refractive index: 
𝐾𝐾 =
𝜔𝑡∗𝑛𝑒𝑓𝑓
𝜔𝑡
2−𝜔𝑝
2                                    (5.52) 
Here, ωp is the plasma frequency and ꙍt is the entire frequency range. Now, applying 
the above Kramers-Kronig relation, we can obtain the residue Cauchy integral: 
𝑅𝑒𝑠 = ∫ 𝑓(𝜔)
𝛼
0
𝑑𝜔 = 𝑗𝜋(𝜔𝑡 − 𝜔𝑝) ∗ 𝐾𝐾                                (5.53) 
where Res is the Cauchy Residue principle value integral. Knowing the residue 
parameters, it is easy to determine the complex permittivity and permeability: 
𝜀𝑒𝑓𝑓 = −𝑐𝑜𝑛𝑗 (
𝑅𝑒𝑠
𝑧𝑒𝑓𝑓
) and 𝜇𝑒𝑓𝑓 = 𝑐𝑜𝑛𝑗(𝑅𝑒𝑠×𝑧𝑒𝑓𝑓)                    (5.54) 
 
Example 1: The numeric model is based on the split ring resonator (SRR) structure 
where single unit-cell is considered in a waveguide. The dimension of the unit-cell 
parameters are: outer and inner ring split gap (s1, s2) 0.2 mm, outer and inner rings 
width (w1 and w2) 0.9 mm, the space gap between two rings (g) 0.2 mm, the underneath 
microstrip line width (w3) 0.9 mm. The unit-cell size of the structure (l × w) 4.4 × 4.4 
mm2, the slab thickness (t) 1.6 mm, substrate FR4, and dielectric constant, ɛ = 4.4. The 
design model is shown in Figure 5.9. In order to retrieve the permeability and 
permittivity, it is essential to obtain the reflection (S11), and transmission (S21) 
coefficients, the length of the slab, the phase factor, and the wave impedance. By 
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applying Cauchy integral in Kramers-Kronig relation, we can extract resonant and 
anti-resonant characteristics of permeability and permittivity. Figure 5.10 shows that 
the real part becomes negative. However, the imaginary part become positive with 
anti-resonant characteristics. The imaginary part becomes positive at 2.75 GHz and 
zero for the remaining frequencies. In Figure 5.11, the real part of the graph displays 
the resonant and anti-parallel characteristics while the imaginary part shows a negative 
value at the resonance frequency of 2.75 GHz and close to zero in the remaining 
frequencies.  
 
Overall, the constitutive properties of split ring resonator exhibit the resonance and 
anti-resonance behavior in the resonant frequency region. The imaginary part mostly 
maintains zero values, except for the resonance frequency region, which confirms that 
the structure is lossless.     
 
 
Figure 5.9 The microstrip implementation model of the single unit-cell split ring 
resonator. 
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Figure 5.10 The constitutive electromagnetic properties of dielectric permittivity using 
Cauchy integral along with Kramers-Kronig relation. 
 
Figure 5.11 The constitutive electromagnetic properties of permeability using Cauchy 
integral along with Kramers-Kronig relation. 
 
Example 2: Another example of a structure is implemented from a 50 mm Drude 
material slab with the embedded 2 mm air gap distance between slab material sample 
and waveguide ports, as shown in Figure 5.12. In order to retrieve the electromagnetic 
parameters, we have applied Cauchy integral in Kramers-Kronig extraction as shown 
in Figure 5.13. Figure 5.13  shows a comparison between Cauchy residue integral in 
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Kramers-Kronig relation and CST tutorial (DNG extract) [87]. The real part of 
dielectric permittivity shows negative values comparison with the theory.  
 
Figure 5.12 Example of 50 mm thick Drude material slab along with two waveguide 
ports. 
 
 
Figure 5.13 The drude material of 50mm slab by applying Cauchy residue integral 
compare along with theory (CST tutorial [87]) extraction for real part dielectric 
permittivity. 
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Further analysis reveals the comparison between two techniques, i.e, CST Drude 
extraction and Cauchy integral KK extraction for similar material dimensions. It was 
observed that the Cauchy integral of KK extraction matches with the CST Drude 
extraction  [87]. However, the proposed Cauchy integral KK extraction predominantly 
focuses on continuous wavenumber without showing ambiguity. DNG extraction does 
not have additional integration for checking at the specific frequency region where the 
wave number act as infinity or ambiguity. DNG extraction approximates the 
wavenumber by accumulating several branches, whereas KK extraction is calculated 
directly from the phase factor, and automatically detect the correct wavenumber by 
removing the ambiguity.  
 
 
 
5.5.5 The Modification of Nicholson-Ross-Weir Technique  
In Ref. [19], the modified Nicholson Ross Weir technique proposes an automated 
extraction procedure that does not change the branch instead it keep the remaining 
principle branch corresponding to m = 0. This technique only checks the initial 
measurement point, which should be predefined. It does not verify each of the 
measurement points individually. This technique is best for the material with small 
thickness. However, this technique is not appropriate for the large thickness. When the 
material sample thickness is relatively large, the index keeps changing in different 
measurement points. It is essential to check the proper branch that minimizes the 
ambiguity. This research has updated this technique to overcome the above problems. 
Verification of branch option was included for removing the ambiguity when the 
sample of the material thickness is large. In this case, the preliminary investigation 
involves several log count branches (m = 0, -1, 1, -2, 2) for observing the ambiguity at 
measurement points. The transmission coefficient is obtained using the following 
expression: 
 
𝑒𝑥𝑝−𝛾𝑑 = 𝑖𝑙𝑜𝑔(𝑎𝑏𝑠((𝑆11 + 𝑆21 − Γ) (1 − (𝑆11 + 𝑆21)Γ)⁄ ))  (5.55) 
 
where S11 and S21 are the scattering parameters of the material sample. The reflection 
coefficient Γ can be obtained from the input impedance of the sample.  
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The phase factor can be determined by decomposing the expression of the exponential 
term of the scattering parameters and retrieving impedance to avoid using the 
reflection quantity in the following expression 
𝑒𝑥𝑝𝛾𝑑 =
1−𝑆11
2 +𝑆21
2
2𝑆21
+
2𝑆11
(𝑧−
1
𝑍
)𝑆21
       (5.56) 
where the wave impedance z is determined as 
𝑧 = √
(1+𝑆11)
2−𝑆21
2
(1−𝑆11)
2−𝑆21
2          (5.57) 
Here z is the wave impedance calculated from the scattering parameters. The 
ambiguity can eliminate determining the above expression only when the material 
sample thickness relatively small (d < λ/2) over the entire measurement frequency 
range. It is difficult to maintain constant wavenumber for relative large material 
thickness (d > λ/2) is selected which results in ambiguity and several branch indices at 
specific frequencies. When the phase values exceed 2π, we could change the phase 
factor as several log count branches. By obtaining the continuous phase factor with the 
branch seeking log count (m = 0, 1, -1, 2, -2) are considered to avoid ambiguity over 
the entire frequency region. 
 
Values are set as matrix, values = [matrix]; 
for m = -2 to +2 [it means log count m = 0, 1, -1, 2, -2]  
 
𝑒𝑥𝑝𝛾𝑑 = 𝑎𝑛𝑔𝑙𝑒(𝑒𝑥𝑝−𝛾𝑑) + 2×𝑚×𝜋                           (5.58)                  
 
By applying the above expression of angle factor, there are several log count branches 
will appear at measurement frequency points. The log count m also varies 
corresponding to the electrical thickness of the sample. Therefore, it is necessary to 
choose the correct index. To determine the correct index, we selected several values at 
each frequency point and observe where the phase exceed their range limits and 
generate the singularity error.  
 
Based on the literature [19], [55], the general expression of refractive index can be 
written by investigating the real and imaginary parts of the phase factor. 
𝑛 = 1
𝑘0𝑑
{[𝐼𝑚𝑎𝑔(𝑒𝑥𝑝𝛾𝑑)+2𝑚𝜋]−𝑗[𝑅𝑒(𝑒𝑥𝑝𝛾𝑑)]}          (5.59) 
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Here, k0 is the wavenumber of free space, and d is the thickness of the material sample.  
For considering the parameters retrieval procedure, the above expressions must satisfy 
the condition when the dimension of the material sample thickness is relatively small. 
When the thickness of the material sample is large, expression (5.59) will display 
ambiguous in some specific frequency points. Therefore, by inserting several phase 
log count branches (m =0, -1, 1, 2, 3) of expression (5.59), we can check for ambiguity. 
There is only one integer value that must satisfy the correct branch which will display 
the correct phase log count among other branches. 
 
According to literature study [19], [54], [55], we may accept the correct log count 
branch in several cases, such as, avoid infinity which exceeds 2π, which less than the 
actual phase. In this case, an initial log branch m = 0 may not always meet the 
requirement, especially when the thickness of the material sample is large. Therefore, 
we check several phase log count branches to find the one most.  
 
Based on literature, [69], [75], the phase factor may become dispersive (β) for several 
reasons; discontinuous phase change which exceeds 2π, choosing highly dispersive 
materials, considering thick samples or having a large difference between phase delay 
and group delay. The ambiguity can be eliminated by choosing the correct phase log 
count ranges between π ≤ βd ≤ 3π, where β apprehend the several phase factors range 
from m = -1 to +3. The correct branch m is chosen where f(m) (phase factor branch) 
closes to zero and less than the actual phase.  
 
The imaginary part of permeability and permittivity can be determined whether or not 
the structure becomes lossy. Here, the f(m) is calculated as the minimization of integer 
values to avoid the ambiguity and accepted only near to zero values.  
Based on [79], we can write: 
 
𝑓(𝑚) = |𝑅𝑒𝑎𝑙(𝑛)×𝐼𝑚𝑎𝑔(𝑧)| − 𝑅𝑒𝑎𝑙(𝑧)×𝐼𝑚𝑎𝑔(𝑛) ≤ 0           (5.60) 
Now, we substitute n and z into the expression (10), and then we can write: 
𝑓(𝑚) = |
𝐼𝑚𝑎𝑔(𝑧)
𝑘0𝑑
ln(𝑒𝛾𝑑) +
2𝑚𝜋
𝑘0𝑑
𝑖𝑚𝑎𝑔(𝑧)| + 𝑗
𝑅𝑒𝑎𝑙(𝑧)
𝑘0𝑑
ln (𝑒𝛾𝑑)       (5.61) 
Here, A = 
𝐼𝑚𝑎𝑔(𝑧)
𝑘0𝑑
ln(𝑒𝛾𝑑), B = 
2𝑚𝜋
𝑘0𝑑
𝑖𝑚𝑎𝑔(𝑧) 
In the above expression A and B are independent of m, so m should be close to –A/B.  
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So, 𝑚 = −
𝐼𝑚𝑎𝑔(𝑧)
𝑘0𝑑
ln(𝑒𝛾𝑑)×
𝑘0𝑑
2𝜋×𝑖𝑚𝑎𝑔(𝑧)
 
𝑚 = [{𝑖𝑚𝑎𝑔 (− 1
2𝜋
(𝑙𝑛(𝑒𝛾𝑑)))}]                          (5.62) 
The f(m) is an independent function where it accepts the nearest integer values. 
 
5.5.5.1 Modified NRW Algorithm Step by Step Formulas: 
The material parameter of the dielectric slab is obtained from the transmission (S21) 
and reflection coefficient (S11). The electric susceptibility can be written as [88]: 
𝜒 =
𝑆11
2 − 𝑆21
2 + 1
2𝑆11
 
(5.63) 
where, χ is the electric susceptibility. Now, the scattering parameters are directly 
obtained from a vector network analyzer. The dielectric slab’s reflection coefficient is 
determined as: 
Γ = 𝜒 ± √𝜒2 − 1 (5.64) 
Here, Γ is the reflection coefficient of the TE10 mode. By obtaining Γ, we can write the 
scattering parameters: 
𝑆11 = Γ
1 − 𝑇2
1 − Γ2𝑇2
, 𝑆21 = 𝑇
1 − Γ2
1 − Γ2𝑇2
 
(5.65) 
Here, T is the transmission power coefficient; S11 and S21 are the scattering parameters. 
By obtaining transmission and reflection coefficient, it can be calculated phase factor 
and wave impedance are calculated: 
 𝑒−𝛾𝑑 =
𝑆11+𝑆21−Γ
1−(𝑆11+𝑆21)Γ
 and  z = √
(1+𝑆11)
2−𝑆21
2
(1−𝑆11)
2−𝑆21
2  
(5.66) 
In determining the phase factor, the ambiguity can be overcome by obtaining scattering 
parameters and wave impedance directly without using the quantity of Γ:  
𝑒𝛾𝑑 =
1 − 𝑆11
2 + 𝑆21
2
2𝑆21
+
2𝑆11
(𝑧 −
1
𝑧
) 𝑆21
 
(5.67) 
The refractive index can be determined as:  
𝑛 =
1
𝑘0𝑑
{[𝑙𝑛(𝑒𝛾𝑑) + 2𝑚𝜋] − 𝑗[𝑙𝑛(𝑒𝛾𝑑)]}          (5.68) 
Here, d is the material thickness, and k0 is the free space wavenumber. Now, we have 
a set of frequency measurement point ω0, ω1, ω2 … ωN corresponding to the argument 
𝜙0, 𝜙1, 𝜙2, … 𝜙𝑁 for entire frequency point N. 
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      𝜙𝑖 =
{
𝜙𝑖−1 + 𝑎𝑟𝑔 (
𝑒𝛾𝑖𝑑
𝑒𝛾𝑖−1𝑑
) , −𝑖𝑚𝑎𝑔 (𝑙𝑜𝑔(𝑎𝑏𝑠(𝑒𝛾𝑑)) <= 0)  
𝑎𝑟𝑔 (
𝑒𝛾𝑖𝑑
𝑒𝛾𝑖−1𝑑
) ,   − 𝑖𝑚𝑎𝑔 (𝑙𝑜𝑔(𝑎𝑏𝑠(𝑒𝛾𝑑)) > 0)
} i = 1, 2, 3,...N 
So, the total argument can be written in a specific frequency i point as 
𝜙𝑡 = 𝜙0 + 𝜙𝑖 (5.69)  
 where ɸ0 is the initial phase measurement point, and it is known that  
𝑐0 = √1 𝜇0𝜀0⁄ , 𝜆0 = 𝑐0 𝑓⁄ , 𝜆𝑐 = 𝑐0 𝑓𝑐⁄ , 𝑓𝑐 = 𝑐0 2𝑎⁄ , and 𝑘0𝑑 =
𝜔𝑑
𝑐0
 
Now, we can rewrite the expression of complex refractive index n becomes: 
𝑛𝑒𝑓𝑓 = (𝜙𝑡 𝑘0𝑑⁄ )
2 + (𝜆0 𝜆𝑐⁄ )
2       (5.70) 
𝜇𝑟 = 𝑧
𝜙𝑡 𝑘0𝑑⁄
1−(𝜆0 𝜆𝑐⁄ )
2 and 𝜀𝑟 =
𝑛𝑒𝑓𝑓
𝜇𝑟
                  (5.71) 
 
The above expressions (5.69 - 5.71) gives correct wavenumber when the material 
sample thickness is relatively small, and the argument phase factor is chosen the initial 
values of m (m = 0). When the material sample is large, the phase factor has an 
ambiguity which creates several wavenumber branches (m = -2, -1, 0, 1, 2). It can be 
resolved by Ref [79] which can rewrite the expression (5.62 ~ 5.64). The Round (.) is 
an operator that minimizes integer value. The f(m) is an independent function where it 
accepts the nearest integer values.  
 
Example 1: A geometry of a dual opposite ring structure is designed in order to 
investigate the electromagnetic properties. This periodic design is aligned as 4×3 unit-
cell lattice structure. A piece of copper is also etched on the substrate Rogers R03010, 
thickness 1.27 mm. The entire slab has a length of 13.2 mm (x-axis) suited on X-band 
waveguide (22.86 mm × 10.1 mm). The individual unit-cell parameters: outer and 
inner ring radius 900 µm × 700 µm, metallic width 100 µm, the gap between rings 200 
µm, and rings split gap 200 µm. The lattice constant of the unit-cell distance 2.6 mm. 
Figure 5.14. shows the configuration of the periodic lattice structure. A plane wave 
propagates through the waveguide ports parallel in the horizontal direction. The 
electric field is aligned with a vertical axis, and the magnetic field is aligned with the 
longitudinal direction. 
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Figure 5.14. The periodic lattice (5×4) of split ring resonator into the wave structure. 
The embedding distance air is attached to slab and wave guide ports. Substrate: 
Rogers, dielectric constant εr = 10.2, tanδ = 0.0023, conductor = 0.66. 
 
The scattering parameters of reflection and transmission coefficients vs frequency are 
modeled using CST Microwave Studio simulation. Figure 5.15 shows a wide stop-
band from 9.2 to 10.1 GHz with 57 dB transmission line at 9.7 GHz. The band gap is 
appeared due to the magnetic resonance which induced by splits and opposite rings. 
To extract the constitutive properties, some erroneous wavenumber is observed which 
resulted as ambiguity error. To avoid the incorrect results, several log count branches 
(m = -1, 0, +1, -2, +2) were considered to clarify the ambiguity and also to be able to 
compare with the classical NRW techniques [53], [55], [88] and update a NRW 
technique. The constitutive parameters exhibit an intrinsic problem due to the improper 
thickness of the sample. The phase of the electromagnetic waves is periodic within the 
2π range, which results in ambiguity. The conventional NRW technique automatically 
extract the initial frequency point log count (branch) while m = 0. However, it is 
difficult to control phase delay in each measurement point when the thickness of the 
sample becomes large. The main goal of the updated extraction technique is to locate 
the correct branch throughout in the extraction procedure. To do this, we optimize the 
correct log count branch which does not result in more gain or attenuation. Figure 5.15 
illustrates the target frequency range from 9.2 to 10.1 GHz.  
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In the frequency range, the results for several branches can be seen in Figure 5.16. 
Among them, log count -1 display the correct log count near zero values. The graph 
displays the initial log count as positive (m = 0) but it delivers ambiguity. Whereas, 
when log count (m = -1), it exhibits a very small peak in the resonance region that can 
overcome the ambiguity error. Therefore, the log count m=-1 is only the most 
appropriate choice to compute the correct wave number.  
 
 
Figure 5.15 The numerical scattering parameter results of the periodic split ring 
resonator. 
 
 
Figure 5.16 The dielectric constant vs frequency of the metamaterial. 
 
The conventional NRW technique has some limitation in high frequency region, in 
particular for highly dispersive material such as metamaterials. The reason is the 
dominating high plasmonic resonance. The large material sample gives ambiguous 
results and changes their phase continuously. Therefore, by selection of branch m = 0 
 88 The Sensitivity of Dielectric Thickness and its Constitutive Parameter Analysis 
does not always produce the correct results in the large material sample. Figure 5.16 
shows the comparison between the conventional NRW and the proposed retrieval 
technique. It shows the log count branch m = 0 shows high dispersion which results in 
an ambiguity. On the other hand, proposed technique shows m = -1 is the correct log 
count which becomes near to zero values and overcome the ambiguity error.   
 
Example 2: Figure 5.17 shows another example of the periodic lattice structure (5×3) 
to validate the proposed extraction technique of the electromagnetic properties. In this 
case, the unit-cell geometry parameters and the length of the slab are as same as in the 
previous example. The only difference is the reducing number of unit cell and the 
lattice constant value 2.4 mm. 
 
 
 
Figure 5.17. The periodic lattice constant (5×3) of split ring resonator into the 
waveguide structure. The embedding distance air is inserted between slab and wave 
guide ports. Substrate Rogers t = 1.27 mm, lattice constant 2.4 mm, waveguide (22.86 
mm × 10.16 mm), slab dimension (25.35 mm × 10.1 mm), c = 11.3 mm, d = 6.56 mm. 
Substrate: Rogers, dielectric constant εr = 10.2, tanδ = 0.0023, conductor = 0.66. SRR 
parameter: outer ring radius 900 µm, inner ring radius 700 µm, metallic ring width 100 
µm, between two ring gap 200 µm, rings split gap 200 µm.  
 
t 
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The frequency response of the model structure displays a sharp reject band (40 dB) in 
the frequency range from 9.2 GHz to 9.9 GHz as shown in Figure 5.18. It validates 
that the proposed lattice microstrip implementation can be used for reject-band 
structure.  
 
 
Figure 5.18 The numerical scattering parameter results of the periodic split ring 
resonator.   
 
Figure 5.19 shows the extraction of the retrieved material parameter. It shows results 
for several phase log count branches and automatically selects the correct phase log 
count branch near zero absolute values to overcome the ambiguity. There are several 
phase log count branches such as log (m = 0, -1, +1, -2, +2) and it automatically select 
the correct branch which is close to zero, less than the actual phase. The conventional 
NRW technique displays phase log count branch m = 0 which gives ambiguous results 
in the band gap frequency region. The proposed technique displays the equivalent to 
the phase log count -1 which gives the correct wavenumber compare to other branches. 
The phase constant (β) is appearing as dispersive due to various reasons including  
continuously changing phase and peaks are exceeding 2π, selecting the highly 
dispersive materials and considering the large volume of sample [75], [89]. This 
uncertainty can be eliminated by choosing the correct branch or correct phase log 
count, close to zero values. The proposed technique is thus checking each of the 
frequency points, and independently choosing the correct branch from the given the 
range π ≤ βd ≤3π, which less than the actual phase.  
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Figure 5.19 The extraction electromagnetic parameters of the dielectric constant 
retrieval result. 
 
5.5.6 Measurement Results 
The complementary split ring resonator (CSRR) microstrip model is sub-lambda 
structure and which facilities a high level of miniaturization. The design is 
implemented with both inner and outer rings etched on the metallic plate as a ground 
plane with a small capacitive gap. The substrate of the CSRR model is employed on 
Rogers RT 5880, where εr = 2.2, and thickness h = 0.508 mm, rings gap (d) and rings 
width (c) are 0.3 mm. The ring radius distance is, r = 2.1 mm, and the infinite periodic 
lattice a = 7 mm. The upper plane conductor strip width is w = 1.2 mm. The device 
port impedance is tuned for at 50Ω impedance matching. The fabricated periodic 
CSRR microstrp design model is shown in Figure 5.20.  
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Figure 5.20 (a) The photograph of microstrip model periodic unit-cell of 
complementary split ring resonator (CSRR). (a) The upper plane conductor strip width 
(w) = 1.2 mm. (b) The back-side view. The dimension substrate Rogers RT 5880, 
dielectric constant (εr) = 2.2 mm, thickness (h) = 0.508 mm, rings gap (d) and rings 
width (c) = 0.3 mm, radius of the ring distance (r) = 2.1 mm, and the infinite periodic 
lattice (a) = 7 mm.  
 
The periodic microwave component CSRR structure is analyzed. The results of 
transmission coefficient provided a wide stop-band from 3.77 to 5.37 GHz. It showed 
a reasonable agreement between numerical and experiment results. The reflection 
coefficient showed a near 0 dB. Some discrepancies are observed between the 
numerical and experiment results which are attributed to the fabrication tolerances and 
dissipative losses. The numerical and experimental resulted show good agreement 
compare to the theory [76]. A sharp wide rejection band is shown from 3.77 GHz to 
5.37 GHz, with a sharp cut-off, maximum 58 dB and minimum return losses depicted 
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Figure 5.21. The tidy rejection displays as a perfect and matched pass band in another 
frequency region.  
 
 
Figure 5.21 Numerical and experimental results of scattering parameters for the 
proposed design of four unit-cell of electromagnetic reject-band analysis.  
 
The electromagnetic parameter of dielectric permittivity and permeability for several 
phase log count branches are shown in Figure 5.22 and Figure 5.23. The discontinuity 
of conventional NRW technique shows the initial branch m = 0 at 4.7 GHz which 
results in ambiguity because of exceeding the change of phase range from -180° < π < 
180°.This technique is valid only for weak dispersive media. It displays the correct 
result only when the phase velocity is almost equal to the group velocity. However, 
the high dispersive material sample displays the ambiguity in higher frequency region 
due to differences between group velocity and phase velocity. Therefore, it is essential 
to select the correct phase log count branch which does avoids this error. The proposed 
technique is therefore checks each of the entire frequency points, and independently 
selects the correct branch between π ≤ βd ≤ 3π. The branch f(m) is converted to the 
minimization of integer values that avoids ambiguity and accepts values close to zero. 
Choosing branch f(m) minimizes the argument factors by substituting complex part of 
refractive index and wave of impedance. Figure 5.22 and 5.23 shows the continuous 
wavenumber and close to zero values can be determined by selecting branch m = -1.  
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Figure 5.22 The comparison measured results of proposed updated NRW technique 
and conventional NRW retrieval technique for effective electromagnetic parameters 
of dielectric permittivity (real part).  
 
 
Figure 5.23 The comparison measured results of proposed updated NRW technique 
and conventional NRW retrieval technique for effective electromagnetic parameters 
of dielectric permeability (real part).  
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5.6 Conclusion 
This chapter provided details of the conventional and proposed extraction retrieval 
constitutive parameter extraction techniques. Nicholson Ross Weir technique was 
found to be best suited for thin slab samples. The modified classical Nicholson Ross 
Weir technique individually checks each phase frequency point rather than using phase 
delay. This technique is convenient, but the initial frequency point should be 
predefined. The extraction does not change the branch and keeps the principle branch 
corresponding for ensuring frequency points m = 0. However, it is still showed 
ambiguity errors because the transmission phase does not repeatedly change for 
multiple wavelengths. Moreover, it is also showed Kramers-Kronig extraction 
technique which not require branch selection. This research updated the classical 
modified Nicholson Ross Weir technique, which incorporate individual verification of 
branch index for each frequency point, thus removing ambiguity even when the sample 
material thickness is large. The improvement applies to the refractive index and 
impedance. The proposed updated technique is thus suitable for characterizing 
metamaterial properties of arbitrary length.   
 
 
 
 
 
 
 
 
 
 
 
 
 
  95 
Chapter 6 
Synthesis of Left-Handed DSSRR Structure 
to Achieve Infinite Homogeneous Slab 
Characteristics 
6.1 Overview 
Phase manipulation of electromagnetic fields are becoming a widespread research 
arena where novel artificial structure in various applications are emerging. By utilizing 
these artificial structures, several new electromagnetic components have been 
introduced including photonic band-gap structures [90], leaky-wave antenna [91], 
resonator [69], splitter [12], coupler [11] and band-pass filter [92]. However, 
conventional microwave structures feature double stub, triple stub, additional 
capacitors, incompatible dimensions that degraded the structure’s compatibility [93]. 
Metamaterial-based electromagnetic band gap structures can overcome the above-
mentioned gaps. To support such innovation, a new geometry of periodic dual star split 
ring resonator based on electromagnetic band gap (EBG) structure is proposed. The 
electromagnetic bandgap (EBG) is a periodic structure of electric or magnetic material 
which produce a reject band at the resonance frequency region. 
 
To determine the accurate physical implementation of this microstrip structure, the 
periodic dual star split ring resonator can be modelled by an equivalent circuit. This 
model comprises of series inductance and shunt capacitance in the lossless condition. 
The design structure can be optimized for a single unit cell and can be extended to the 
periodic architecture. The advantage of this approach is that the transmission line can 
produces a low loss and wide-bandwidth structure by determining lumped element 
components such as interdigital capacitors and stub inductors. The EBG based DSSRR 
structures are sub-wavelength in dimension, and becomes electrically small with a high 
level of compactness. The proposed DSSRR structure is specifically designed as an 
integrated device. The periodic transmission line also constrains surface wave 
propagation in desired frequency or band region.    
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The proposed DSSRR structure produces a wide-band ranges from 7.5 GHz to 9.5 
GHz, and a sharp cut-off (high selectivity) high rejection (95 dB) in the reject band 
range. By confirming the electromagnetic parameters, for a single unit-cell, the design 
extended to the periodic case and material properties due extracted. The dispersion 
relation exhibits very unusual behaviour and is separated into two distinct classes: 
balanced and unbalanced conditions. Group velocity of an electromagnetic wave is in 
the same direction in the right-handed frequency region and in the opposite direction 
to the phase velocity properties in the left-handed frequency region. The 
electromagnetic properties (i.e. dielectric permittivity, magnetic resonant 
permeability, opposite phase and group velocity, and negative refractive index) 
confirm that the proposed EBG based DSSRR structure is appropriate for metamaterial 
applications.     
 
6.2 The Unique Design Shape and Improving Performance 
Metamaterial microwave device allows easy integration, low-cost fabrication, and 
rotating surface mount facilities. The proposed dual star shaped split ring resonator 
structure shows high resonance at a relatively low frequency (4.4 GHz). Compared to 
the conventional split ring resonators, DSSRR is electrically small and offers 
broadband performance. Different star shaped inner and outer rings of DSSRR 
structure are used to realize the sharp, deep rejection transmission spectra. In this 
structure, it is easy to adjust the resonance in accordance to specifications by changing 
the design parameters such as the split gap, the distance between inner and outer rings, 
metallic width. The star shaped DSSRR periodic structure provides a wide reject band 
suitable for metamaterial structure applications.   
 
The goal of the new structure is to achieve high resonance within the minimum 
frequency range. To examine the performance of this structure over the conventional 
designs [28], [31], [49], several comparisons were carried out. This structure provides 
strong magnetic resonance to achieve the negative magnetic permeability in the 
specific frequency region. It shows a small coupling difference and split gap that leads 
to a sharp resonance. In Figure 6.1 represents three identical structures of a split ring 
resonator similar in size to compare the structure. Each of the structures have a 
footprint area of 4.4 mm × 4.4 mm, a metallic width of 0.2 mm, a split gap for each 
  97 
ring of 0.2 mm, a distance between inner and outer rings of 0.2 mm and the low lossy 
substrate Rogers, where the material dielectric constant of 10.2.  
 
 
Figure 6.1 The equivalent size and the modification of the similar structure of several 
split ring resonators: (a) SRR square, (b) SRR ring, and (c) DSSRR.  
 
Figure 6.2 shows the comparison of scattering parameter results for the three different 
structures: SRR square, SRR rings, and DSSRR. As can be seen, the proposed DSSRR 
structure produce cut-off at 4.8 GHz whereas SRR ring and SRR square structure 
provide 6.6 and 7.1 GHz, respectively. A sharp and strong resonance are found in 
minimum frequency region (5.5 GHz) of 43 dB. In comparison with other structures, 
SRR ring, and SRR square provides a less strong resonance of 42 dB and 27 dB. Figure 
6.3 displays the comparison of three structure reflection coefficient results. The graph 
shows each of the structures have two distinct resonances. Among them, DSSRR 
structure displays strong resonance at a low frequency of 5.5 GHz. It also shows that 
the SRR ring structure provides very similar and strong resonance at the second 
resonant frequency range. The new shape DSSRR structure follows the ring topology. 
However, to improve the high resonance in the low-frequency region, the ring is 
replaced by the flower-shaped structure.  
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Figure 6.2 The performance comparison of DSSRR, SRR ring, and SRR square 
structure over transmission coefficient.  
 
Figure 6.3 The performance comparison of DSSRR, SRR ring, and SRR square 
structure over reflection coefficient. 
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6.3 Design and Configuration 
For designing the artificial DSSRR structure, two opposite rings are aligned in parallel 
with a tiny gap to realize the magnetic resonance. DSSRR is implemented in microstrip 
technology by etching rings on the top of the substrate. Electromagnetic wave 
distributions are computed with appropriate definition of the cell boundaries. The 
incident wave passes through an open boundary in the parallel axis, the electric 
boundary aligned in the perpendicular axis and magnetic boundary in the longitudianl 
axis. The dielectrics may extend in a periodic way that behave as perfect electric 
conductors. The incident wave propagates along the longitudinal direction with 
electric field E in the vertical direction, and magnetic field H in the horizontal 
direction. The transmission lines are characterised as purely right-handed (RH), purely 
left-handed (LH) or the composite right-left handed (CRLH) with the stub inductance 
and series capacitance. The identical model shows in Figure 6.4(a) consists of the 
series connection (L´R, and C´R) of purely RH (PRH) transmission lines and (L´L, and 
C´L) of purely RH (PRH) transmission lines, respectively [94]. The unit cell has an 
incremental length ∆z << λg and the length size is at least ∆z < λg/4, where λg represents 
the guided wavelength [52], [64]. The right-handed transmission line model is 
developed by considering shunt inductance LR´ and series capacitance CR´.  
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Figure 6.4 The Equivalent lumped circuit models: (a) PRH and PLH TLs; (b) CRLH 
TLs; (c) Periodic unit-cells; (d) The single unit-cell microstrip implementation (∆z = 
incremental length, h = 0.25 mm, l = 4.4 mm, c = d = 0.2 mm, r = 0.7 mm, Rogers 
substrate, dielectric constant 10.2, tanδ = 0.0023, conductor = 0.66.) (e) Periodic 9 × 9 
unit-cell prototype of DSSRR metamaterials [94].  
 
The left-handed transmission line model is obtained by interchanging the series 
capacitance 𝐶𝐿
´  and shunt inductance 𝐿𝐿
´ . The combination of left-handed and right-
handed transmission of series (𝐿𝑅
´  and 𝐶𝐿
´ ) and shunt (𝐶𝑅
´  and 𝐿𝐿
´ ) connections, known 
as composite right/left-handed (CRLH) transmission line. The CRLH transmission 
line is utilized in most cases for the metamaterial structure, as shown in Figure 6.4 (b). 
The unit cell can be extended in a periodic lattice to form a transmission as shown in 
Figure 6.4 (c). The equivalent circuit model of single unit cell is depicted in Figure 6.4 
(d). The geometry dimension of single unit cells is: h =0.25mm, l =4.4mm, c = d = 
0.2mm, r =0.7mm. The periodic (9×9) unit-cells have a uniform inter-element spacing 
in a lattice and is fabricated on a dielectric (εr =10.2) Rogers RT6010 substrate as 
shown in Figure 6.4 (e). 
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6.4. Performance Analysis 
6.4.1 DSSRR Unit Cell Magnetic Response 
The DSSRR structure is designed with a tiny split, with the gap between rings placed 
in opposite direction which induced by currents. This current thus produces strong 
resonance around the magnetic plasma frequency. If a single unit cell DSSRR can be 
illuminated with the appropriate polarization, the periodic DSSRR produces a strong 
resonance due to the magnetic component of the incident field. The scattering 
parameters of the DSSRR unit cell are shown in Figure 6.5(a), where the opposite 
resonance observed between the transmission and reflection coefficients are due to the 
opposite rings and metallic width of the rings. The transmission line of a single unit-
cell structure exhibits resonance at approximately 4.9 GHz, where the sharp rejection 
band extend up to 49 dB. The reflection coefficient S11 shows resonance at 5.5 GHz, 
with a value close to 21 dB.  
 
 
Figure 6.5 (a). Simulation result of scattering parameter DSSRR single-unit cell, and 
(b)-(c) The 9×9 periodic DSSRR simulation and measurement results, respectively 
[94]. 
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The comparison between the theoretical and experimental measurements for the 
transmission and reflection coefficients is shown in Figures 6.5 (b) - (c). Good 
agreement between theory and experiments is obtained. The scattering parameters of 
S11 are equivalent to S22, and S21 equal to S12 (not shown), as the structure is symmetric 
in the x direction. It exhibits a sharp reject band from 7.5 GHz to 9.5 GHz. Above the 
rejection band transmission line show erratic behaviour; and a several tiny rejections 
are observed. It shows a wide-band due to the multiple unit cells arranged in a periodic 
way. 
 
 
 
 
6.4.2 Parametric Analysis 
The design considers a dual star split ring resonator as left-handed material. It provides 
a strong resonance in the lower frequency region. The structure gives us the 
opportunity to develop an artificial periodic structure with a broad reject band and 
strong magnetic response due to the metallic ring width and opposite orientation of the 
split gap. The design structure was first considered as a single unit cell and then the 
number of unit cells were increased periodically. To obtain the expected resonance 
over minimum operating frequency, two distinct opposite star rings with a tiny split 
gap were considered. The inner and outer star rings are separated by a small gap so 
that current can pass inside the loop. This structure, produces magnetic resonance due 
to opposite star rings as shown in Figure 6.6. The boundaries were chosen to ensure 
proper excitation. The wave propagation ?̅? incidences of the connecting ports are 
aligned horizontally with electric field ?̅? aligned in perpendicular direction and 
magnetic field ?̅? in the longitudinal direction. Figure 6.7 shows the numerical results 
of reflection and transmission spectra of DSSRR structure. A deep resonance is 
observed in all parameters. It shows the smaller split gap of the rings produces lower 
resonance frequency.     
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Figure 6.6 The two metallic rings as opposite direction single unit cell DSSRR 
structure. Rogers substrate, dielectric constant εr = 10.2, tanδ = 0.0023, conductor = 
0.66 [94]. 
 
 
Figure 6.7 Parametric analysis of DSSRR structure inner and outer incremental split 
gap. 
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Figure 6.8 represents the numerical results of reflection spectra with several metallic 
star ring widths (0.3 mm, 0.4 mm). In theory, the resonant frequency generally 
increases while the metallic width increases. It is also affected by the gap capacitance 
and mutual inductance of the model. Increasing the metallic width is thus decreasing 
the mutual inductance and capacitance. Therefore, thinner metallic width provides 
lower resonant frequencies, which agrees with the theory.    
 
Figure 6.8 Parametric analysis of DSSRR structure incremental metallic width. 
 
6.4.3 Effective Retrieval Procedure 
The Nicholson–Ross–Weir (NRW) technique and various other known methods [16], 
[36], [75], [83] are used to retrieve the constitutive effective material properties. A 
simple extraction of negative relative permeability and dielectric permittivity is only 
observed while the material is illuminated with a plane wave of proper polarization 
and angle of incidence. A number of branches appears in the complex logarithmic 
function that results in ambiguity. Several approaches in literature are available to 
overcome this problem: field averaging approach, iterative method, and curve fitting 
techniques [20], [23], [81], [82]. However, most of these approaches are easy to use, 
but provide limited accuracy when the material becomes thick. By using a modified-
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NRW technique, it is possible to suppress the ambiguity within a wide frequency range 
and for thick materials. It checks the phase at each frequency point rather than phase 
delay [19], [95], [96]. It is an expedient and straightforward technique to find the 
preceding frequency point instead of branch seeking of refractive index techniques.  
 
 
Figure 6.9 (a) Properties of effective permeability and permittivity for DSSRR single 
unit cell structure; (b)-(c) Constitutive parameters of effective permeability and 
permittivity in a periodic form [94].  
 
The extraction of constitutive electromagnetic property i.e. relative permeability and 
dielectric permittivity, shows resonant and anti-resonant characteristics as illustrated 
in Figure 6.9 (a). It shows the permittivity becomes negative and permeability becomes 
resonant within the resonance frequency regions. The imaginary part is almost zero 
due to the lossless structure, except for the resonant and anti-resonant frequency 
region. It shows the negative values for the imaginary part in the resonant or anti-
resonant region [97]. 
 
The constitutive parameters for the periodic DSSRR structure are shown in Figures 
6.9 (b)-(c).  It specifies the real and imaginary part of the permeability and permittivity. 
The real part of permittivity and permeability exhibits the resonant and anti-resonant 
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form. The imaginary part of permeability and permittivity is negative at the resonance. 
Above the resonant frequency, values are near to zero due to the lossless nature. This 
non–physical composite structures are allowed in the homogenized (normalized) 
model where the length of the unit-cells considered as small compared to wavelength 
(λg/2). The imaginary part of dielectric permittivity and relative permeability show 
zero values except for the resonance frequency that reconfirms the lossless properties.      
 
6.4.4 Dispersion Diagram Analysis 
The dispersion relation of periodic DSSRR structure can be calculated using the 
equivalent of CRLH TL model. Simulations are carried out with the eigenfrequency 
solver in periodic boundary conditions [98]-[99]. The wave passes through either left-
handed or right-handed region over a wide frequency range. Between the left-handed 
and right-handed medium, a band-gap or attenuation band appears. In Figure 6.10 (a) 
shows the periodic DSSRR structure equivalent to CRLH TLs which categorized into 
three regions including unbalanced case, balanced case, and attenuation constant. The 
detailed geometry parameters for the balanced case: CL = CR = 0.15 mm, LL = LR = 0.1 
mm, and in the unbalanced case: CL = 0.2 mm, CR = 0.12 mm, LL = 0.1 mm, LR =0.1 
mm.  
During the unbalanced condition, the series and shunt frequencies are not equivalent 
(LRCL ≠ LLCL), the graph (black line) shows left-handed behaviour up to 7.5 GHz and 
right-handed behaviour above 9.5 GHz. However, in the unbalanced case, it realizes a 
tiny rejected band shown by the blue dotted line between 7.5 GHz to 9.5 GHz, which 
is known as the attenuation band. In the balanced condition, the series and shunt 
frequencies are equivalent (LRCL = LLCL). The graph (red line) shows that the left-
handed and right-handed transmission lines have a similar resonance frequency point 
at 8.5 GHz. In Figure 6.10 (b), the group velocity results show that the wave 
propagation is increasing from the source towards load. On the other hand, in Figure 
6.11 shows the slope of the dispersive curve ωCL < ω < ω0 then the phase velocity 
becomes negative because β is less than 0. On the other hand, when ω0 < ω < ωCR then 
the phase velocity becomes positive because β is greater than 0. In this case, the CRLH 
transmission lines are support as backward wave propagation in the left-handed region 
and forward wave direction in the right-handed region. However, the phase velocity 
becomes negative up to the cut-off frequency (9.5 GHz), and then it remains positive 
for the rest of the frequency range. 
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Figure 6.10. (a) The dispersion diagram for equivalent CRLH TLs. For the balanced 
case: CL = CR = 0.15 mm, LL = LR = 0.1 mm, and unbalanced case: CL = 0.2 mm, CR = 
0.12 mm, LL = 0.1 mm, LR =0.1 mm; (b) Full wave positive group velocity.  
 
Based on the above analysis, the refractive index shows the complex form: real and 
imaginary parts. The real part shows the refractive index becomes negative in the 
resonance frequency region. In Figure 6.12 display the real and imaginary part of the 
refractive index. 
 
Figure 6.11 The full wave anti-parallel phase velocity corresponds to the frequency 
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Figure 6.12 The effective refractive index of the proposed design structure [100]. 
 
6.5 Conclusion 
The proposed DSSRR unit cell is chosen based on the ring resonator topology. The 
improvement of star geometry produces better resonance at lower frequency compared 
to conventional rings. Therefore, the periodic DSSRR provides the wide rejection band 
at 2 GHz. There are some small notches which appear in the refractive resonance 
region due to the diffraction effects at the edge of the sample. The effective constitutive 
parameters of DSSRR were analysed to validate the LH metamaterial properties. It 
displays the resonant and anti-resonant behaviour in dielectric permittivity and relative 
permeability. A method of balanced and unbalanced condition dispersion was also 
evaluated. The dispersion relation indicates a balanced condition, where the series and 
shunt of frequencies are equivalent. The unbalanced condition occurs when the series 
and shunt frequencies are not identical. Moreover, it shows that the positive, parallel 
direction for group velocity, whereas the phase velocity wave is in the opposite 
direction. Overall, the study proves that DSSRR has the potential as metamaterial 
medium suitable for microwave applications.    
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Chapter 7 
Design and Analysis of Metamaterial 
Absorber Based on the Octagonal Ring, 
Cross-Wires, and Cut-Off Circle Shaped 
Structure 
7.1 Overview 
Recent research has shown progress in the design, fabrication, and measurement of 
electromagnetic devices like absorbers, operating at microwave frequencies. 
Absorbers are used in a variety of applications such as energy harvesting efficiency 
[101], radar imaging and reducing radar cross section [102], thermal emission [103], 
sensing or enhancing detection sensitivity [104], solar cells [105], and photo detection 
[106]. Metamaterial based absorbers provide unusual characteristics due to its artificial 
sub-lambda structure. The design specifications vary for different applications 
including single-, dual-, and multi-band as well as broadband frequency performance. 
The significant advantages of the proposed absorber structure lies in polarization 
insensitivity, wide incident angle, near perfect absorption, large bandwidth, and single 
to multi-band operation. There are several drawbacks in conventional absorbers. Xu et 
al. [24] and Li et al. [14], designed metamaterial absorber using a different split ring 
resonator feeding the patches on a substrate that are more convenient in high-frequency 
applications. However, they did not investigate the physical and dielectric properties 
of their device. Huang et al. [107], Alves et al. [108], and Landy et al. [62] presented 
a single band device with high absorption, with a polarization insensitivity study that 
includes design, fabrication, and measurements. There is still a lack of investigation in 
the dual-band or multi-band metamaterial absorbers. Cheng et al. [109] showed a 
design that achieves high absorption rate as well as enhanced wide-band operation. 
However, they constructed unit cells in a different unit cells and fully depended on 
tuning capability, which high polarization and polarization insensitivity absorption 
hard to achieve.  
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In this chapter, a new octagonal ring (OR), cross-wires (CWs), and cut-off circle (CC) 
shaped metamaterial absorber structure is proposed which is suitable for operation in 
dual mode frequencies at 12 GHz and 15.5 GHz. The design is implemented in a simple 
planar geometry and consists of a dual metallic layer, separated by a thin dielectric 
substrate. The top layer consists of an octagonal ring and crosswire is located in the 
circular exclusion of the octagonal ring, on a dielectric substrate. The bottom layer is 
covered in a metallic ground plane that restricts the transmission of the absorber. 
Metamaterial absorber can be modified to operate at a lower frequency 6.7 GHz region 
(C-band). The proposed metamaterial absorber exhibits versatile absorption 
characteristics due to its polarization insensitively and ability to become fully 
functional at different angles of incidence. Numerical and experimental results show 
excellent agreement and confirm the theory. The geometry of a single unit cell is 
shown Figure 7.1 (a)-(b) along with its three different shapes: cross-wire, octagonal 
ring, and cut-off circle. The key parameters are s = 3 mm, p = 12 mm, t = 0.75 mm, 
cross-wire width (cww) = 0.3 mm, octagonal ring width (orw) = 0.2 mm, cut-off circle 
radius (ccr) = 5 mm, l = 78 mm. A 6×3 periodic structure unit cell absorber is shown 
in Figure 7.1(c).  
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Figure 7.1 (a) The geometric representation of the metamaterial absorber for the single 
unit cell. (b) The three-different shape: cross-wire, octagonal ring, cut-off circle; (c) 
The periodic sample for 6×3 unit cell (width × length, 39 mm×78 mm), substrate FR4, 
thickness, t = 1.6 mm, loss tangent δ = 0.02, and dielectric permittivity ε = 4.2. 
 
The substrate FR4 is selected due to the minimum cost of fabrication and case of 
etching at microwave frequencies. The overall parameters of the FR4 substrate 
(thickness, loss tangent, and dielectric permittivity) are 1.6 mm, 0.02 mm and 4.2 mm 
respectively. The periodic boundary and Floquet ports are utilized for numerical 
simulation and considered as infinite slab [71]. The absorption with respect to the 
frequency is defined as A(ω) = 1 – |S11|2– |S21|2, where A(ω) represents absorptivity, 
S11 indicates reflectivity, and S21 signifies transitivity. The transmission values can be 
reduced to near zero absorption due to the metallic ground plane. Therefore, only the 
reflection will be considered in the calculation of the absorption. In this case, the 
absorption can be calculated A(ω) = 1 – |S11|2. Numerical and experimental results 
display that the proposed metamaterial absorber is appropriate for microwave 
frequency applications. 
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7.2 Boundary Selection for Numerical Modelling in Waveguide Structure   
The numerical modeling is conducted by using the CST Microwave Studio in 
frequency domain solver. The numerical calculations are carried out using scattering 
parameters. The absorption A(ω) can be calculated by obtaining the square of the 
absolute value of transmittance T(ω) and reflectance R(ω). For near-unity absorption, 
it is necessary to reduce transmittance T(ω) and reflectance R(ω) simultaneously. The 
absorber controls the incident wave by tuning electric ε(ω) and magnetic µ(ω) 
resonance and should eliminate the transmitted wave. Further, a thick metallic layer is 
attached to the bottom layer of the design structure, and transmittance T(ω) thus 
becomes zero in all the cases. The absorption can be calculated the square of the 
absolute value of reflection coefficient. A periodic boundary and Floquet ports are 
selected to perform simulation of an infinite slab in the waveguide. The Periodic 
boundary is selected because of boundary conditions that incorporates the large 
structure especially infinite structure using cascading unit-cell basis [110]. The 
schematic of the infinite structure using periodic boundary condition is shown in 
Figure 7.2. The transverse electric (TE) incident wave depends on the incident angle. 
During the transverse electric illumination, only the tangential electric incident field 
attributes in direction plane z = z0, where z0 is the excitation position. This exciting 
single field allows the plane wave to propagate in both directions z > z0 and z < z0. The 
waveguide ports are aligned at the front and back of the periodic unit cells absorber. 
Finally, the accurate scattering parameter require proper boundaries for the waveguide 
structure.    
 
Figure 7.2. The example of periodic boundary condition structure along with 
periodicity in x direction [110] 
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7.3 Design Specification 
The proposed metamaterial absorber consists of three different layers. The top and 
bottom layers consist of copper metallic sheet, the in between layer comprise a FR4 
substrate. The top metallic layer consists of three different shape: the octagonal ring, 
cross-wire’s, and cut-off circle. Each of the shapes support a different mode of 
resonance. The design parameters are optimized for peak absorption. For designing 
microwave absorber FR-4 substrate was selected. The bottom layer consists of a 
metallic sheet acting as a ground plane. Therefore, the transmission of the absorber 
becomes zero. Destructive interference of multiple reflections that can partially 
explain the mechanism of absorption. Physically, the electrically thin layer produces 
zero backward scattering, which can be explained in terms of multiple destructive 
reflections. The simulation process was performed with the commercial full-wave 
electromagnetic software (CST Microwave Studio). The excitation of the design 
structure is aligned with the longitudinal plane with electric field E in the vertical plane 
and magnetic field H along with the horizontal plane. A periodic boundary and Floquet 
port are used to simulate the infinite slab.  
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Figure 7.3 (a) The single unit cell metamaterial absorber; (b) Simulation and 
measurement results of single unit-cell metamaterial absorber with dual band 
operation; (c) Simulation results of metamaterial absorber with single band operation.  
 
The geometric representation of single unit cell metamaterial absorber is shown in 
Figure 7.3 (a). Numerical and measurement results for an absorber with a substrate 
thickness of 0.75 mm can be seen in Figure 7.3 (b). It shows two different resonances. 
The first resonance is found with maximum absorption up to 98% at 12 GHz. The 
second resonance shows 99% absorption at 15.5 GHz with higher absorption peak 
compared to the first resonance. Figure 7.3 (c) show the single band metamaterial 
absorber. High absorption (100%) is obtained at the lower frequency of 6.7 GHz, with 
a substrate thickness of 1.6 mm. The dimensions of the metamaterial absorber are s = 
3 mm, p = 12 mm, t = 1.6 mm, cww = 0.3mm, orw = 0.2 mm, ccr = 5 mm. The 
fractional band-width (FBW) is shown in the inset of Figure 7.3 (c) (inset) to observe 
the reflection Γ response of the device. The fractional bandwidth can be written as, 
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FBW = ∆f/f0, where ∆f indicates the half power bandwidth and f0 represent the centre 
frequency. The proposed metamaterial absorber performance parameters are obtained 
as f0 = 6.693 GHz and ∆f = 0.266 GHz, FBW = 3.9%. The fractional bandwidth results 
give acceptable results that are suitable for many applications [111]–[114].    
 
 
Figure 7.4 (a) The photograph of prototype fabricated sample for 6×3 periodic unit cell 
(width × length, 39mm × 78mm); (b) Simulation and measurement results of 
metamaterial absorber with dual wide-band operation during 6×3 periodic unit-cell. 
 
 116 Design and Analysis of Metamaterial Absorber Based on the Octagonal Ring, Cross-Wires, and Cut-Off 
Circle Shaped Structure 
A fabricated sample of the metamaterial absorber with the periodic unit cell in both 
vertical and horizontal is shown in Figure 7.4 (a). The numerical and experimental 
results of a 6×3 periodic unit-cell structure is shown in Figure 7.4(b). The geometric 
parameters dimension representation of the metamaterial absorber is length (l) = 62.4 
mm, p = 12 mm, t = 1.0 mm, orw = 0.2 mm, cww = 0.3 mm, s = 3.0 mm, ccr = 5 mm. 
It shows wide bandwidth when the number of unit-cells is increased. Here, p is the 
single unit cell spacing of the structure and acting as a periodic repetition replaced by 
an effective medium where each unit cell size much smaller than the wavelength. The 
periodic array produces electric and magnetic resonance.   
 
The absorption shown in Figure 7.4 (b) has the dual resonance at 12 GHz and 15.5 
GHz. It does not shift the center resonance frequency even in periodic structure, 
because increasing the number of unit cells does not affect the electromagnetic element 
(electric and magnetic resonance). This periodic structure has generally enhanced the 
bandwidth. Figure 7.4 (b) exhibit a small discontinuous resonance due to the close 
center to center unit-cell distance. The continuous wider band is possible by adjusting 
the distance between the unit-cells. The objective of the proposed design is to compare 
the single and periodic unit-cell structure and showing that an increase in the number 
of unit cells varies the bandwidth of the structure.  
 
7.4 Effects of TE, TM modes, and Constitutive Parameter Extraction 
The metamaterial-based absorber has attracted special attention due to its strong 
resonance, multiband and broadband characteristics while not requiring any thick 
material of the structure. When the electromagnetic incident wave TE and TM mode 
is polarized, it becomes challenge to make it insensitive. The objective of this section 
is to observe the response to transverse electric (TE) and transverse magnetic (TM) 
waves when rotating the structure. This should not affect the structures absorptivity.  
Initially, the effects of cross-wire rings (CRs) are investigated for both TE and TM 
modes operation. Figure 7.5 (a) shows the first resonances that are reduced to a 70% 
absorption peak rate while a high absorption peak of 99% to 100% is observed at the 
higher peak.  
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Figure 7.5. The absorption values of copper patch radius parameters from 4.6mm to 
5.0mm for (a) TE and (b) TM modes of incidence angle. Effects of the proposed 
structure metamaterial absorber changed OR width from 0.1mm to 0.5 mm with other 
parameters keep unchanged for (c) TE and; (d) TM mode incident radiation. 
 
In the TE mode analysis, the results of cross-wire ring parameters are chosen from 4.6 
mm to 5.0 mm, where individual parameter graph shows very minimum distance to 
each other. It shows the second resonance drifts to higher frequency from 15 GHz to 
15.4 GHz. Figure 7.5 (b) shows that resonance for the TM mode for cross-wire rings 
is almost as same as for the TE mode. The only difference compared to TE modes is 
that the second resonance maximum peak shifted varying from 99% ~ 100% at higher 
frequencies. Further investigation on the effects of the octagonal ring width (ORW) for 
normal incidence angle in both TE and TM polarization is obtained. Figure 7.5 (c) 
shows that the absorption changes for ring width varying from 0.1 mm to 0.5 mm for 
TE modes. In TE mode analysis, both the first and second resonance absorption 
frequency and peaks are sensitive to the octagonal ring width. It shows drifting in 
higher frequency when the octagonal ring width changes. At TM mode analysis is 
shown in Figure 7.5 (d), where the absorption is largely insensitive to the octagonal 
ring width. Here, the second resonance absorption peak is higher than the first 
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resonance peak. Furthermore, discussion include the effect of cross-wire width (CWW) 
of the absorber varying from 0.2 mm up to 0.4 mm while the other parameters remain 
unchanged. The parametric analysis is done both in TE and TM mode operation, as 
shown Figure 7.6. In TE mode polarization, it shows when the cross-wire width 
becomes large, the resonances are almost similar in width with an absorption peak of 
99.2%, details of which are shown in Figure 7.6 (a). On the other hand, for TM mode 
polarization, the resonance frequencies drift to higher frequencies. The resonance is 
shifted to higher frequencies when the cross-wire reduces in its width. However, the 
peak absorption remains near to 100%, as shown in Figure 7.6 (b).  
 
 
Figure 7.6 (a) Effects of the proposed structure MA changed the cross-wire width from 
0.2mm to 0.4 mm with other parameters keep unchanged for (a) TE mode incident 
radiation; (b) TM mode incident radiation. The absorber performance analysis for 
different polarization angle is investigated in the case of normal incidence: (c) TE 
polarization angle; (d) TM polarization angle.  
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Further investigation involve discussion on the effect of incidence angle in both TE 
and TM modes polarization with results shown in Figure 7.6 (c)-(d). Due to the 
symmetrical design structure, the metamaterial absorber is largely insensitive to 
polarization. It is critical to observe the situation of a different angle of incidence 
performance. The theoretical behaviour should be stable even when the incidence 
angle is changed. Figure 7.6 (c) illustrates that the absorption in TE mode is about 
98.5% at the lower order resonance frequency and 99.7% at the higher frequency. The 
different incidence angle did not affect resonance, which ensures versatility. However, 
in TM mode analysis, first and second resonance frequency does experience some 
shifting while the incidence angles are changed. While the dual resonance absorption 
shifted, its peak values are also decreased. A new series of tiny ripples can be seen 
around in 13.4 GHz up to 13.6 GHz as shown in Figure 7.6 (d). In TM mode analysis, 
an acceptable absorption rate (98.6%) is found in 0º and 90º respectively, where at 
other incident angles 30º and 60º, absorption peaks drop to 96.5%.   
 
We also investigated the electromagnetic properties of metamaterial absorber to 
extract the dielectric constant, magnetic permeability, and refractive index. Since the 
wave propagates along the longitudinal axis, the distance d implies a phase change of 
(2πd/λ), where λ is the wavelength of the structure [23], [36]. The boundary conditions 
and excitations are assigned to different surfaces of the microstrip unit-cell element to 
simulate the periodic metamaterials [19], [20]. For a plane, electromagnetic incident 
wave with the scattering parameters of the reflection coefficient R can be written as 
S11 = R
eik0d. The k0 denotes the incidence wave number in free space.   
 
By adjusting the physical parameters of top metallic conducting layer, and the 
modification of  the dielectric substrate, both electric and magnetic response can be 
tuned in a specific frequency region. Thus, the input impedance (zin) of the structure 
becomes matched with the free space of the impedance (z0) using the following 
expression [112], [115]: 
𝑧𝑖𝑛 = 𝑧0
(1+𝑠11)
(1−𝑠11)
        (7.1) 
In Figure 7.7 shows that the imaginary part of the input impedance is nearly zero at 
the two resonance frequencies. Thus, the incident wave can get into the absorber 
without reflection under the matching condition. The absorber mainly absorbs in the 
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resonance frequency region because the electric field is tuned to match the free space 
impedance, thus achieving near perfect absorption.  
 
The material parameters of the proposed design are extracted using the modified 
Nicholson-Ross-Weir (NRW) technique. There are two resonant frequency ranges (f1 
= 11-13.2 GHz) and (f2 = 14.5-17 GHz), which were investigated to extract the 
constitutive electromagnetic parameters. They exhibit unusual electromagnetic 
parameters. There is a resonant behaviour of the real part of the dielectric permittivity, 
being negative at both f1 and f2. The imaginary part is near zero value, except at the 
dual resonance frequencies (f1, and f2), where the values are negative. Figure 7.8 (a) 
shows the real and imaginary parts only at the first and second resonance. It shows the 
real part of dielectric permittivity becomes negative at the resonance frequencies. The 
imaginary parts are close to zero except at the resonance frequencies where it becomes 
negative. The imaginary part also represents the loss factor and energy absorbed. The 
refractive index becomes negative over the entire frequency region.  Figure 7.8 (b) 
displays the negative refractive index at two resonance frequency regions. The 
negative refractive index confirms that the proposed design shows the left-handed 
(LH) behaviour of metamaterials. The real and imaginary part of the relative 
permeability is shown in Figure 7.8 (c). The real part shows negative magnetic 
resonance at the two resonance frequencies. The imaginary parts show near to zero 
values except at the resonance frequencies. The magnetic permeability can be retrieved 
by using the combination of refractive index and wave impedance.  
 
 
Figure 7.7 Retrieved real and imaginary part of impedance 
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Figure 7.8. (a) Numerical analysis of constitutive electromagnetic properties: dielectric 
permittivity (b) negative refractive index and (c) magnetic permeability response.  
 
7.5 Structure Analysis and Bandwidth Enhancement 
The individual structure behaves with maximum absorption of different frequencies. 
The first absorption peak is achieved from the cross-wires. The design specification 
and parameter values are given in detail in Figure 7.9 (a). The absorption peak is found 
about 98.8% at 6.25 GHz. The octagonal ring that is feeding on top of the substrate is 
another structure of the design. The obtained design structure produced a higher 
resonance mode compared to the cross-wire. In order to achieve the high resonance, 
the metallic ring width is adjusted (c = 0.2 mm). The absorption peak shifted resonance 
on 97.4% to 12 GHz.  
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Figure 7.9. (a) The contribution of different structure performance analysis of 
proposed structure. (b) the single unit cell dimension parameters are p = 10.4 mm, t = 
0.75 mm, ORW = 0.2 mm, CWW = 0.3 mm, S = 3.0 mm, CR = 5.0 mm;  (c) double 
unit cells parameters are p = 20.8 mm, t = 1.0 mm, ORW = 0.2mm, CWW = 0.3mm, S 
= 3.0 mm, CR = 5.4 mm. (d) The design of 6×3 unit cells parameter geometry are: p = 
62.4 mm, t = 1.0 mm, ORW = 0.2 mm, CWW = 0.3 mm, S = 3.0 mm, CR = 5.6mm. (e) 
The comparison absorption performance of single, two, and 6 × 3 periodic unit cells, 
respectively.  
 
The cut-off circle etched on the substrate gives third resonance near to 16 GHz, as 
shown in Figure 7.9 (a). The design structure shows an absorption rate of 99.1 %, 
which is higher compared to the other structures. The maximum absorption peak is 
found when the adjusted radius (d) is 5mm. It was found that the increasingly the 
number of unit-cell increased the bandwidth significantly. The three individual 
components provide the perfect dual resonance with high peak. The single unit-cell 
represents high absorption peak rate 98.8% at 12 GHz resonance frequency, as shown 
in Figure 7.9 (b). The fractional bandwidth of the single unit cell of 0.05% at -3 dB. 
By improving the bandwidth performance, two unit cells are considered, as shown 
Figure 7.9 (c). The entire cell size increases up to 20.8 mm and width of 2.0 mm are 
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selected. The design structure shows a higher bandwidth than the previous structure. 
An absorption peak of 90% was found and the fractional bandwidth improved to 0.08% 
at -3dB. Furthermore, 6×3 periodic unit cells are realized in Figure 7.9 (d). In the 
periodic structure, the unit-cell size is 62.4 mm and a substrate thickness of 1.0 mm 
was used. A modified cut-off circle patch of 5.6 mm is found through optimization. 
The periodic unit cells that shown high absorption peak are identical to the single unit-
cell with the absorption of 98.8% at 11.75 GHz. The fractional bandwidth was found 
to be 0.14% at -3 dB. A comparison result of the single unit cell, dual unit-cell, and 
periodic 6 × 3 unit-cell are shown in Figure 7.9 (e).  
 
7.6 Experiment Setup  
The proposed metamaterial absorber consists of three distinct resonators: cross wire, 
octagonal, and cut-off circle rings. The design is constructed metallic layers on top 
and bottom sides, which are separated a lossy FR4 substrate. The periodic 6×3 unit-
cell design is fabricated through standard printed circuit board (PCB) technology. In 
the experimental setup, the absorber performance was verified in closed system 
waveguide method as shown in Figure 7.10. The absorber sample is placed into the 
waveguide (WR137) perpendicularly, and two ports are connected to an Agilent 
vector network analyzer to receive the waves that represent the magnitude of the 
sample sheet. A thick metallic ground plane is inserted to prevent the transmitted 
wave, i.e, S21 = 0. Therefore, only the reflection data is collected to obtain the 
absorptivity. To prevent leakage, both ports are covered with a thick metal plane. 
During the excitation, all reflection is diminished and thus the incident wave is 
absorbed. This experiment also investigated that the sample in free space 
environment for transmission and reflection measurements. The absorber sample is 
placed between two horn antennas at a short distance to record the reflection data. 
As the horn antennas size was larger than the absorber sample, some energy might 
be radiated in other directions, which cannot be detected by the horn antennas.  
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Figure 7.10 The test absorber sample is placed and mounted on the standard waveguide 
structure. 
 
Figure 7.11 show the simulation and measurement results of the reflection coefficient 
for the proposed periodic 6×3 metamaterial absorber structure. When the 
electromagnetic incident wave passes through the structure, the absorbance can be 
calculated as A(ω) = 1 – |S11(ω)|2 - |S21(ω)|2, where A(ω), |S11(ω)|2, and |S21(ω)|2 are 
the absorbed, reflected, and transmitted power. The proposed absorber bottom layer is 
attached a thick metallic layer. Therefore, there is zero transmission through the 
structure and the full power can be absorbed. The absorptivity expression is then can 
be written as A(ω) = 1 – |S11(ω)|2. Thus, we can tune the electric and magnetic response 
to a specific frequency by adjusting the physical parameters of the top layer as well as 
the thickness of the dielectric substrate layer. The input impedance Z(ω) of the 
structure is then perfectly matched to the free space of impedance Z0. According to Ref 
[27], [116] the excitation of incident energy is absorbed as on-center and off-center, 
respectively. In this case, the on-center incident energy attracted to the structure 
without reflections.  
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Figure 7.11 Simulation and measurement of the reflection coefficient for the proposed 
periodic metamaterial absorber structure.  
 
7.7 The Incident Energy and Power Dissipation 
The conventional microwave absorber consists of a thick metallic back plate, for 
example, a single resistive sheet [60], or double resistive sheet [61] to eliminates the 
transmission power through the absorber. Metamaterial absorber is easy to integrate 
and flexible to make ultra-thin structure along with near unity absorption. The lossy 
high impedance surface is capable of high absorption. By changing the top layer of the 
parametric structure, resonance can be modified to a different frequency as a dual-band 
or multi-band. By tuning electric and magnetic resonance the metamaterial can match 
the input impedance to the free space impedance. The multi-layer structure also 
eliminates the transmission of power (T = 0). Thus, the highest peak of 100% 
absorbance is possible. In order to replace the metallic resistive sheets, several 
resonating inclusions and geometric parameters on the top layer are one of the 
solutions to eliminate the power transmission [71]. The addition metallic ground layer 
also can be used to reduce the transmission. The maximum power can be absorbed by 
reducing reflection and transmission of the absorber structure. In general, the strong 
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absorption power is achieved in the resonance region where the structure properly 
excited.         
The power dissipated in the  proposed electromagnetic metamaterial absorber can be 
achieved under three conditions: dielectric energy loss, magnetic energy loss from the 
substrate, and ohmic energy loss from the metal [107], [117], [118]. The absorption is 
from dielectric energy losses occurred while the nonmagnetic materials like FR4 are 
used as the substrate. Based on literature study [25], [115], [119], [120], the substrate 
FR4 with loss tangent 0.02 was selected to characterized the design structure. The 
incident power of the device is absorbed by the electric field |Ez| and magnetic field 
|Hz| [26]. The nonmagnetic material (dielectric) substrate is very important for 
metamaterial absorber to achieve near unity absorption. This implies a strong 
absorption in the high resonance region. The absorbing power is thus calculated from 
substrate, imaginary part of dielectric constant. When the structure is fully absorbed, 
there are numerous electrons stored in the conduction band and holes in the balanced 
band that results ionization are Fermi-distributions at room temperature [62], [121]. 
The calculation of the rate performance of entire absorber device is considering in the 
following expression, where all in incidence radiation is absorbed without reflection, 
outside distributed radiations bend and recenter into the structure.    
𝜂 = 𝑃𝑎𝑏𝑠𝑜𝑟𝑏 𝑃𝑖𝑛 ,  𝑃𝑎𝑏𝑠𝑜𝑟𝑏 = −
1
2
𝑅𝑒(∮ ?⃗? ×?⃗?  .𝑑𝑆 )⁄      (7.1) 
Here, Pabsorb is the net power entering the absorber structure, Pin is the incident power, 
η is the efficiency of the absorber structure. The incidence power can be calculated 
using the contour integral of distributed receiving electric and magnetic field. The 
dielectric energy loss can be calculated Pe = (1/2) ωε"|E|2. Here, E is the electric field 
in the substrate and ε" represents the imaginary part of permittivity.  
The Pe is strongly dominated by the electric field E of the material that can be 
determined by the metamaterial structure, and therefore, the individual unit cell is very 
important in metamaterial structure design. When a magnetic material Pm is used into 
substrate the absorption becomes both dielectric and magnetic energy losses. In these 
case, the total electromagnetic energy dissipation can be written as Ptotal = Pe + Pm = 
(1/2) ωε"|E|2 + (1/2)ωµ"|H|2. Here, H is the magnetic field in the substrate and µ" 
represents the imaginary part of permeability. We have tuned both the permeability 
and permittivity parameters which are equivalent to each other to become near unity 
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absorber. Therefore, the losses can be measured obtained from the imaginary part of 
the dielectric permittivity. It is noted that the investigation involving power incidence 
radiation is carried out only for the theoretical interest.  
As the proposed metamaterial absorber unit cells are smaller than the wavelength, it is 
generally convenient to produce effective permeability, permittivity, and refractive 
index extracting from the material. The imaginary part of the permeability µ(ω), 
permittivity ε(ω), and refractive index n(ω) as large as possible to obtain near unity 
absorption. High electromagnetic loss can be accomplished through a large resonant 
imaginary part of the refractive index. In such way, at most electromagnetic energy 
absorption is possible to accomplish by minimizing the transmittivity, and reflectivity 
[62], [122]. The maximize absorption electromagnetic incident energy are then 
converted into the heat. If the structure becomes thick, the resonance can trap the 
electromagnetic energy, where all electromagnetic wave is absorbed and converted 
into the dissipated heat. The generating heat can be then controlled and detected in 
many ways [116], [123] such as external diodes in electromagnetic energy harvesting, 
photoconductive antenna. 
 
7.8 Surface Current Distribution 
  To explain the mechanism of absorption, the surface current distributions are 
investigated. The dual modes of current distributions at f1 = 12 GHz and f2 = 15.5 GHz 
are shown in Figure 7.12 (a) - (b).  
 
Figure 7.12 (a)-(b) surface current distribution within dual mode resonance 
frequencies metamaterial absorber structure (f1 = 12 GHz, and f2 = 15.52 GHz).  
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Circle Shaped Structure 
At the lower resonance in Figure 7.12 (a), the circulating currents on the cross-wire 
structures regions as clearly visible. It shows prominent current distributions at the 
centre cross point rather than the outbound wire region. High absorption and 
bandwidth enhancement appear at the lower resonance frequency. Due to the 
symmetrical design, higher resonant frequencies are achieved. Surface currents appear 
in metallic conductors and circulating loops around the conducting strip. It provides a 
magnetic field and strong magnetic coupling whereas the equivalent electric coupling 
appears on the metallic conducting patch areas. Details are shown in Figure 7.12 (b). 
At this frequency, both electric and magnetic resonance are excited equally and 
therefore high absorption is realized. The experiment is investigated large oblique 
incident angles up to 90° for both TE and TM mode excitation. It shows the graph does 
not shift much even the changing incident angles. Therefore, the proposed 
metamaterial absorber is claimed as polarization insensitive.          
 
7.9 Research Limitation and Future Goal 
 
The proposed periodic microwave metamaterial absorber achieved nearly perfect 
absorption. The question remains how absorption is achieved. Copper is known to have 
high conductivity and low resistivity. The energy absorption capacity of copper is low 
due to wave failing to penetrate the copper. Instead, a copper layer will reflect almost 
all the power (>99.9%). Under illumination, a small amount of power is converted into 
heat due to currents flowing on the copper plane. Since the resistance is low, the Ohmic 
power loss will be trivial. There might be another explanation, which is related to the 
dielectric substrate material FR4 losses. However, with FR4 being a relatively low loss 
material, absorption by the dielectric will tend to be small.  These factors may dictate 
the need for a lossy dielectric substrate and/or a resistive sheet at the back of the 
substrate. Although this research proposed an absorber using copper and FR4 
substrate, and results seem to indicate a significant amount of absorption, it will be 
worthwhile for further research to focus on the above problems and to design a new 
absorber, which can achieve a high absorption (100%) in a narrow band with high 
power handling capability. Based on the arguments, future research prospect will use 
metamaterial graphene material which could be achieved by controlling the 
conductivity of sheet of graphene. It is a carbon-based honeycomb structure which has 
been receiving a great amount of attention due to its unique electric, mechanical and 
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thermal properties. A metamaterial graphene structure consists of a highly resistive 
material as ground plane acting as a reflector, separated by a thin SiO2 dielectric layer. 
The lossy ground layer will be titanium with a high sheet resistance about 220 Ω/sq, 
thickness 10 nm, conductivity 4.45 ×105 S/m. The SiO2 is considered as dispersive 
dielectric material with relative permittivity εr = 3.9 + i0.078, thickness 0.4 µm [124], 
[125]. The proposed absorber will be tested initially within X-band waveguide and 
then in an anechoic chamber in both the near field and far field regions.  
 
7.10 Conclusion 
In this chapter, a new shaped artificial structure consisting of cross wire, octagonal and 
cut-off circle ring metamaterial absorber in dual mode operation is proposed. 
According to numerical and experimental results, the proposed metamaterial absorber 
performs over a wide band. It is also polarization insensitive and independent of 
incident angle. The experiments results show an excellent absorption peak rates in dual 
mode operation of 99.8% at 12 GHz and 99.9% at 15.5 GHz. To extend the parameters 
for miniaturization, a spurious single band is possible to absorb 100% peak at 6.6 GHz. 
The constitutive parameters of the design structure have been analyzed to observe the 
effect of metamaterial behaviour. The experimental results display maximum peak 
absorption.    
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Chapter 8 
Conclusion 
8.1 Summary of Contributions 
Metamaterials are the artificial materials that can be controlled to produce unusual 
electromagnetic properties. By manipulating material parameter, the metamaterial can 
be used in a wide range of scientific applications. This thesis deals with this unique 
behaviour of metamaterials from an engineering applications point of view. The 
following major contributions have been achieved from this work: 
i) A periodic and aperiodic artificial electromagnetic infinite lattice structure that 
exhibits the similar characteristics at microwave frequencies was designed. 
(Chapter 4) 
ii) Development of modified Nicholson-Ross-Weir technique to retrieve the 
electromagnetic properties and to display the correct branch of the index for 
long-length dielectric slab dimensions. (Chapter 5) 
iii) Design of a new dual star split-ring resonator (DSSRR), suitable for 
electromagnetic band-gap (EBG) applications. (Chapter 6) 
iv) Synthesis of a new shaped octagonal ring, cross-wire and cut-off circle 
metamaterial absorber for microwave applications. (Chapter 7) 
The main tasks associated with each contribution are summarized below and discussed 
in the general context of this thesis. 
i) Periodic and aperiodic artificial electromagnetic infinite lattice structure 
The artificial electromagnetic structure in single unit-cell, periodic unit-cells, and 
aperiodic unit-cell orientations were investigated. By considering the electric and 
magnetic responses, a split-ring resonator and complementary split-ring resonator are 
obtained. Differences between the identical and non-identical coupling effects along 
the longitudinal direction are also explained. The aperriodic and periodic lattice 
structure displays almost similar results, which are applicable to the lattice structure in 
any specific design. The effective dielectric constant and relative permeability showed 
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resonant and anti-resonant behaviour at the reject-band frequencies. Above and below 
the band-gap region of imaginary parts displayed near zero values, due to the lossless 
nature of the structure. 
 
ii) Modified Nicholson-Ross-Weir technique to retrieve the electromagnetic 
parameters 
Several techniques of exciting dielectric permittivity and magnetic permeability were 
applied. The results show that the conventional extraction techniques are compromised 
when thick samples are used with larger unit cell size. To minimize the errors, a 
modified Nicholson-Ross-Weir technique was developed. The modified Nicholson-
Ross-Weir technique was used in practical demonstartions. The results show that 
dialectric permitivity becomes anti-resonant, whereas, the permeability becomes 
resonanant, which confirms the metamaterial behaviour. Further validation includes 
comparisons with other conventional techniques.  
 
iii) Dual star split-ring resonator (DSSRR) for infinite slab characteristics 
A unique shape of split-ring resonator based on electromagnetic band-gap structure 
has been proposed. Results for the constitutive properties confirm metamaterial 
behaviour. The proposed shape was designed in a single unit-cell and then also 
implemented in periodic unit cells in a lattice structure. This shape (microstrip lines) 
was equivalently transformed into an equivalent network consisting of a combination 
of series inductors  and shunt capacitaors. By investigating metamaterial behaviour, 
properties including anti-parallel phase velocity and positive group velocity, negative 
refractive index and Bloch impedance were also highlighted. 
 
iv) A new shaped octagonal ring, cross-wire and cut-off circle metamaterial 
absorber for microwave applications  
A  unique shape of dual-band metamaterial absorber is porposed for  microwave 
applications. The proposed absorber exhibits versatile absorption characteristics, 
especially in being polarization insensitive and the ability to perform over a range of 
angles. Numerical results show excellent performance which were validated 
experimentally. The effects of the constitutive parameters on the absorber properties  
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were also analyzed, including the dielectric permittivity, magnetic permeability and 
negative refractive index. Moreover, the investigation of symmetric design structure 
shows the polarization-insensitivity and high absorption rate for different angles of 
incidence. Absorption rate remains close to ideal even when changing the incidence 
angle.    
 
8.2   Limitations and Future Work  
Overall, this research focused on developing theories and extraction techniques for 
confirming electromagnetic metamaterial properties. Several experimental validations 
were performed to support this contribution. This extraction technique is useful at 
microwave frequencies. It shows a great potential for extracting electromagnetic 
properties of superconducting metamaterials in both microwave and terahertz region. 
The Cauchy integral of KK extraction was used in this research which opened further 
scope for developing this technique which might benefit the terahertz applications. The 
research has limited resources and require further validation on Cauchy Residue 
integration using Kramers Kronig extraction.      
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